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Abstract

We present a new algorithm to compute a topologically and geometrically accurate triangulation of an implicit sur-
face. Our approach uses spatial subdivision techniques to decompose a manifold implicit surface into star-shaped
patches and computes a visibilty map for each patch. Based on these maps, we compute a homeomorphic and wa-
tertight triangulation as well as a parameterization of the implicit surface. Our algorithm is general and makes no
assumption about the smoothness of the implicit surface. It can be easily implemented using linear programming,
interval arithmetic, and ray shooting techniques. We highlight its application to many complex implicit models and
boundary evaluation of CSG primitives.

Keywords:contouring, Marching Cubes, set operations, implicit modeling, topology

1. Introduction

Implicit surfaces are used to represent shapes of arbitrary
topology in computer graphics and geometric modeling. As
compared to other surface representations, implicits offer
many advantages in terms of performing geometric operations
like Boolean operations, blending, warping and offsets. Some
early applications of implicit surfaces were the modeling of
blobby shapes and of objects with biological or natural ap-
pearances. Recently, implicit surfaces have been shown to be *
useful for surface reconstruction, point-based modeling, and
simulation. Figure 1: Polygonization of a complex MPU modeThe right im-

. . age shows a complex MPU model, Filigree, which has genus 65 and

In this paper, we address the problem of polygonizing an many topological features. This implicit was defined using 514K point

implicit surface. Our goal is to develop reliable techniques samples by blending quadric surfaces using B-splines weights. The
that preserve the topology of the implicit surface and com- leftimage shows that previous spatial subdivision techniques may not
pute a geometrically accurate polygonization. Topology of the compute an accurate polygonization, when the parameter used to se-
implicit surface contains information about its connected com- lect the grid size is not adequate. Our algorithm, based on Visibil-
ponents and genus. Many geometric operations like Boolean ity mapping, generates an accurate polygonization of this model, as
operations can result in a shape whose topology is very dif- Shown in the image on the right, in about 4 minutes.

ferent from that of the primitives. It is important to capture ods can be classified into spatial subdivision techniques

all the topological features for CAD, medical and molecu- [WMW86, Blo88, HW9(], scalar field isosurface reconstruc-

e e A ecor.lon [LCE7 KBSS01 LSW03, and lgorthms based on
8 . L Mor! heory $H97. M lication m mbi-
clouds. These surfaces are defined as weighted combinations orse theory $H97. Most applications use some combi

or blends of basis functions and have been anplied to dataset hation of spatial subdivision and isosurface reconstruction.
consisting of millions of points. However con?putin 4 tODO- SThese algorithms are implemented using uniform or adaptive

. 90 poINts. ’ puting a topc grids, and can handle complex models. In practice, their
logically reliable polygonization of these complex implicit

surfaces can be a challenge. Other applications of bolvaoniza- accuracy varies as a function of the grid resolution and the
! o renge. LIher app polyg coordinate system used for spatial subdivision. As a result,
tion arise in mathematical visualization, where we want to ac-

curately display the shape of complex surfaces current spatial subdivision techniques may not provide rigor-
u y display P P u : ous guarantees on the topology of the reconstructed surface.

The implicit surface polygonization problem has On the other hand, polygonization algorithms based on Morse
been studied for more than two decades. Prior meth- theory and critical point analysis can provide topological and
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geometric guarantees for smooth surfaces. However, thesegorithms assume a smooth implicit surface. As a result, they
algorithms have been limited to relatively simple surfaces and are not applicable to surfaces defined using Boolean opera-

do not extend to Boolean combinations.

Main Results: We present a new algorithm to polygonize
implicit surfaces. Our approach is restricted to compact, man-

tions. To the best of our knowledge, our algorithm is the first
topology preserving polygonization algorithm that can handle
Boolean operations. We have applied our algorithm to poly-
gonize MPU surfaces generated using point cloud reconstruc-

ifold surfaces that can be represented as the zero set of a conlion algorithms, algebraic surfaces, and boundary evaluation

tinuous function. We compute a topologically accurate poly-
gonization of the implicit surface and construct a homeomor-
phism, i.e. a continuous bijection with a continuous inverse,
between the implicit surface and the polygonal approximation.
This homeomorphism is evaluated by computing ray intersec-
tions with the implicit surface.

Our algorithm uses spatial subdivision techniques along
with interval arithmetic to decompose the implicit surface into
surface patches. We ensure that each patch satisfiesathe
shapedroperty, i.e. there exists a guard in space that can ‘see’
all the points on the patch. We use this property to compute
a visibility mapthat projects each point on the patch to the
boundary of the grid cell. Our algorithm computes a triangu-
lation of the image of the visibility map on the boundary of
the grid cell. Finally, these triangles are back-projected using
the inverse of the visibility map to compute a homeomaorphic
triangulation of the patch. We ensure continuity between ad-

of CSG models.

Organization: The rest of the paper is organized in the fol-
lowing manner. Sectior2 presents our polygonization algo-
rithm based on visibility mapping. We show that our algorithm
computes a topologically and geometrically accurate polygo-
nization in SectiorB. We describe our spatial subdivision al-
gorithm based on star-shaped decomposition in Sectidhle
highlight the performance of our algorithm on different bench-
marks in Section5 and compare it with prior approaches in
Section 6. Finally, we highlight some of its limitations in Sec-
tion 7.

2. Implicit Surface Polygonization

Our algorithm uses a divide-and-conquer approach, subdivid-
ing the implicit surface into patches. In this section, we present
our algorithm to polygonize each patch independently and to

jacent patches and generate a watertight polygonization of the generate a watertight triangulation of the implicit surface. We

overall surface. Some of the mafeaturesof our algorithm
are:

Generality: Our algorithm is applicable to a broad class
of implicits. These include zero sets of elementary func-
tions, blends of locally fit smooth functions such as Multi-
ple Partition-of-Unity (MPUs), Moving Least Squares (MLS),
and Boolean combinations.

Reliable Polygonization: Given a manifold surface, our al-
gorithm ensures that the polygonized approximation is topo-
logically equivalent to the implicit surface. We also satisfy a
two-sided Hausdorff bound between the original model and
the polygonal approximation. Moreover, we do not need to
perform any crack patching to handle adaptive grids.

Complex Models:Our approach can handle complex implicit

first present our notation and define visibility mapping based
on the star-shaped property.

2.1. Notation and Terminology

We use lower case bold letters suchpaq to refer to points

in R3. The notatiorpq denotes the line segment between the
two pointsp andq. The notation(ps,...,pn) denotes the-
sided polygon whose vertices are the poipis...,pn. Let

.# 1 R3 — R denote the implicit function; our goal is to com-
pute a triangulation of its zero set. In practicg,could rep-
resent a function of the form(x,y, z). Furthermore, we allow
CSG combinations of simple closed-form functions or other
procedural models that can be expressed as elementary func-
tions or weighted combination of simple elementary functions
(e.g. blends, MPUs and MLS surfaces). With a slight abuse of
notation, we will also use# to denote the implicit surface;

surfaces that arise from pOint-C'OUd reconstruction algorithms we assume that is a manifold. Our a|gorithm Computes a
or Boolean combinations. We use techniques based on Spatialtopology-preserving polygonal approximatioﬁ of the im-

subdivision and voxelization to accelerate the computation.

Parameterization: Our algorithm computes a piecewistar-
shaped parameterizatiaof the implicit surface. Furthermore,
the homeomorphism between the implicit surface and our
polygonal approximation can be combined with mesh param-
eterization algorithms to compute a global parameterization of
the implicit surface.

Quality of Polygonization: Star-shaped parameterization is a

plicit surface.# . We construct a homeomorphis#f between
< and.#.

Our algorithm uses a volumetric grid that has convex poly-
hedral cells. In the rest of the paper, for the sake of simplicity,
we will assume that all the cells are cube-shaped. When refer-
ring to the cell as a geometric primitive, we will refer to it as
a voxel. The boundary of a cell consists of faces, edges, and
vertices and each of these is represented as a closed set. We
use the symbol$, f, e andv to refer a voxel, a face, an edge,

special case of spherical parameterization. This property can 5nq a vertex respectively.

be exploited to generate a triangulation with good aspect ratios
using the method proposed by Praun and Ho¢03.

There exist prior implicit surface polygonization algorithms
that provide topological guarantees. However, all of these al-

We use the symbadSto denote the boundary of a s&t
By a restriction of a setS with respect to another sat, we
meanSN T, which we denote aSr. Typically, Sis a 2D man-
ifold surface andl' may correspond to a voxel or a face. The
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(a) Visibility map

(b) Our 3-stage approach for a single cell

Figure 2: Fig. (a) shows that each poixbn a star-shaped surfacé can be mapped onto the the unit cube (or the unit sphere) using the visibility
map ¢ (or h). Fig. (b) highlights the three steps of our algorithm: Forward projection that projects the star-shaped surface to the voxel boundary,
image triangulation which triangulates the image on the voxel boundary, and backward projection, where the triangulation on the boundary is
back-projected to compute triangulation of the implicit surface. We only show a subset of the triangles on the surface.

restriction operator has higher precedence over the boundary

operator, i.edSr = d(Sr).

2.2. Visibility Mapping

In this subsection, we introduce visibility mapping and use it
to polygonize implicit surfaces. We first present the intuition
behind our algorithm. Let us assume that the implicit surface
# is star-shaped. A surface #ar-shapedf there exists a

point in R3 (called a guard) that can ‘see’ every point on the

surface. In essence, the star-shaped property of a surface cap-

tures its visibility. We exploit the fact that a star-shaped sur-

face .# has a star-shaped parametrization, a special case of

spherical parameterization. Without loss of generality, we as-
sume that the origin is the guard gf. There exists a one-to-
one marh: .# — S? that maps each point o# to a point on

the unit spher&?2. This function is expressed dgx) = %

X|[2?
where||||> denotes the Euclidean norm. The map ig tHhe
spherical projection operation. See Fi¢gn). Note that if.7 is
a closed star-shaped surface theis a bijection and we can
map.# to S? and vice-versa. In practice, we consider a map-
ping function¢ : .# — C2 that maps# to the unit cubeC2:
d(x) = m where]| . ||» denotes the max-norm. Like ¢ is
also a bijective mapping. We refer gpas thevisibility map
See Fig.2(a). The visibility map can be thought of as a per-
spective projection operation onto the unit cube. It provides
a simple method for triangulating’: we first triangulate the
boundary ofC2 and then map these triangles.fusing¢ 1.
Sinceg is a bijection,p 1 is well-defined. This yields a trian-
gulation of.#. Evaluating the visibility mam (or its inverse
¢ 1) is simple: it reduces to shooting a ray from the guard and
computing intersection of the ray with the boundary3f( or
with .#).

We extend the above idea to the case of a general implicit
surface by adopting a divide-and-conquer approach. Concep-
tually, we decomposg” into a set of star-shaped patches and
polygonize each star-shaped patch using the visibility maps

Figure 3: 2D implicit curve approximation using our algorithm:
The figure shows the 2D visibility grid for an implicit curv&. The
portion of .# in cell C; is star-shaped property with respect to guard
O. By projecting this portion onto the boundary of the d&fl, we
compute a one-to-one onto mappipdpetween any point on .# and

its projection¢g (x)on the boundary of the cell. We use this mapping
to compute a homeomorphic polyline approximation®fwithin C; .

The cellC; is generated after an additional level of quadtree subdivi-
sion; the portion of¢ in C; is also star-shaped.

niques (see Sectiord). We also ensure that there is conti-
nuity between the polygonization of neighboring star-shaped
patches. This results in a continuous water-tight triangulation
of 7.

2.3. Polygonization within a Cell

Our algorithm uses spatial subdivision techniques like octree
decomposition to generate a grid that satisfies certain visibility
properties. We call a volumetric grid a visibility grid if it
satisfies the following conditions:

1. Every voxeld in ¢, # N is star-shaped with respect to
(w.r.t) some poinby in ¥. We call the poinby a guard of

2. Everyfacef in¥¢, .7 Nf is star-shaped w.r.t some pot
in f. We call the poinbs a guard off.

for that patch. Note that we compute a different map for each The visibility grid enforces the star-shaped property within ev-
patch. In practice, we do not compute such a star-shaped de-ery voxel and face of the grid. Our algorithm requires that that
composition explicitly but rather use spatial subdivision tech- .7 intersect the cells in the visibility grid in a non-degenerate

(© The Eurographics Association 2006.



Varadhan et al. / Reliable Implicit Surface Polygonization

/
/

Face f J Face f

Figure 4: Image triangulation: The two figures show two different
cases of image triangulation of a fa¢edepending on whether the
guardos of face f belongs tof * or not. In each case, we compute a
triangulationf+ of f*.

manner, i.e..# should not tangentially intersect any of the
voxels, faces, or edges of the grid.

Let us considet?y = .# N ¥, the restriction of.# to the
voxel ¥ of a cell. .#; is star-shaped and has a guagdthat
lies inside®. Without loss of generality, we assume tlogt
lies inside.#. Our algorithm can be easily extended to han-
dle the symmetric case whery lies outside.#. Our overall
approach consists of three main steps:

1. Forward projection: We define a mapy : %y — 2, that

projects each point oy to a portionZ, of the boundary

of the voxel. We refer t@y as theforward visibility map
and 2, as themageof the forward visibility map.

. Image triangulation: We triangulateZ,; to compute a tri-
angulationéﬁ.

. Backward projection: We backproject the triangles @9
to obtain a triangulation% of .#. The backward projec-
tion is achieved using a maﬁb : ?219 — jlg, which is de-
fined using the inverse of the forward visibility map. We
refer tofﬁﬂ as thebackward visibility map

We now explain each of the above three steps in more detail.
Fig. 3illustrate our algorithm for a 2D planar curve.

2.3.1. Forward Projection

We define a functiornry : .#3 — 99 that maps.#; to the
boundary of the voxel (see Fig).

T5(X) = 0p+ || O [| 9(x—0p),

where || ¥ || denotes half of the length of voxel. It fol-
lows thatty is a 1-1 map. In general, i intersects the
boundary of the voxelry will not be an onto function. Let
9y = 19(Fy) denote the range ofy, as shown in Fig.
2(b). In the rest of the paper, we will refer to the bijection
Oy 1 Iy — Dy, Wwheredy (X) = 1y(X). ¢y is theforward vis-
ibility map and 2, is itsimage Furthermoregy(x) can be
evaluated by shooting a ray froay in the direction ofx and
computing the intersection of the ray with the boundary of the
voxel.

2.3.2. Triangulating the Image

Our goal is to compute a triangulation ;. We need to en-
sureC? continuity between the triangulations of between
adjacent voxels. We utilize the fact th@ly consists of points
on the boundary of} that are not visible to the guard o,

i.e. the ray from the guard to such a point must interséct

The star-shaped property ensures that such a point must nec-
essarily lie outsideZ. We use this property to express in

terms of faces ofy. Let f;,i = 1,...,6, denote the faces df.

Let fi+ be the set of points iffi that lie outside7, i.e.,

ft ={x|xe fi,#(x) > 0}.

9 is given by: s = U?:l fﬁ, as shown in Fig2. Therefore
the problem of triangulating/y reduces to triangulating each
f*, which is a portion of facd;.

It suffices to triangulate jushinimal facesa facef is mini-
mal if no face in the grid is a strict subsetbfA non-minimal
face is a union of a set of minimal faces. We now present our
algorithm to triangulate * for a minimal facef in the visibil-
ity grid. We do not computd* explicitly; rather, we take ad-
vantage of the star-shaped property, i.€.0 f is star-shaped
w.r.t a pointos € f. We define a visibility mapping in 2D to
compute this triangulation. Our approach again performs three
main steps:

1. Forward projection: We define a 2D forward visibility
map ¢s : £t — P¢, which projects#; onto a portion of
df. This visibility map is defined on a 2D domain and is
similar to¢. Z¢, the image ofp, is a polyline.

. Image triangulation: Divide Z; into a set of line seg-
ments as explained below.

. Backward projection: Backproject the line segments to

obtain a ‘triangulatiorf + of f+.

We consider two separate cases based on whether ar;not
belongs tof ™:

Casel:g cf*

First we computeZ;, the image o#;. In this caseZs con-
sists of those points i@ f that lie inside.#. Therefore, ¢

can be computed by finding the intersections points between
# and the edges df. These intersection points together with
the vertices off partitiond f into two sets of line segments. A
subset?; of these line segments belong#y . Let %% denote

the remainder of line segments.

1. For each edge, ab € 7,
(of,7 (a), 97 (b))
2. For each edgab € .%,, output a triangl€os,a, b).

output a triangle

This is illustrated in Fig4. The union ofill the triangles gen-
erated by these steps is the triangulatfonof f*. We eval-
uateq){l by shooting a ray frono; and computing the inter-
section of the ray with?.

Case2:g ¢ f+

As in Case 1, we first compute a set of line segmesits,
which belong toZ;. In this caseZs consists of those points

in df that lie outside.#. For each edgab € %1, we out-

put a quadrilaterala, b, ¢, 1(b), ¢; *(a)). We triangulate each
quadrilateral using one of its diagonals. This quadrilateral may
degenerate into a triangle if eith@or b corresponds to an in-
tersection point betweesf andd f (Fig. 4). The union of all

the triangles generated above is the triangulafi?;mf fr.

(© The Eurographics Association 2006.
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Image Retriangulation: A finer triangulationfjr can be ob-
tained by refining the initial triangulation df". This can be
computed in two ways: (a) by subdividing the line segments

in 4 and.%, or (b) by subdividing the triangles ifr-.
2.3.3. Backward Projection
We use the method presented above to triangulatir each
face f of the cei We represent this triangulation @f; as
9?19: _@19 = U?:l fi+. Each triangle inﬁ,} has the property that
all its vertices belong t@;. Therefore any poimnt € 5 can
be expressed in terms of barycentric coordinates:

X = Ua+ Vb +wc,

uvw>0, u+v+w=1 ab,ce Y.

We define a mapy : Zy — R3:
95 (x) = Ug5 (@) + o (b) + Wi (c).

Sinceab, andc belong t0%Zy, ¢, (a),¢;(b), andg;(c)
are well-defined. We refer t(ﬁ; as thebackward visibility
map In essence, the backward map back-projects the trian-

gles in@lg by using the inverse of the forward visibility map
¢ and barycentric coordinates. The backward projection pro-

duces the approximatiorZy = %(5%) in the voxel. The

overall approximation# corresponds to the union of the ap-
proximations within the individual voxels:

I = Uy Iy

The resulting approximationf is a continuous, watertight
polygonal surface.

2.4. Continuity

The approximationﬂ~ hasCP continuity. This follows from
the fact that the approximation within two adjacent voxels
“match” along the common face. Consider two voxéis 9

that share a facé, i.e., 9y N ¥ = f. Then the images of the
forward visibility maps of and; are identical along face

f. Ourimage triangulation procedure also maintains this prop-
erty. Therefore, we hav&y N f = 25, N f and _@1% Nnf=

Z, N 1. Since the approximationgy, and.7,, are obtained
by backprojectingZ, andZy,, these approximations ‘match’

alongf, i.e.,d(Sy )N f =d(Fp )N f. The following lemma
is used to formally prove the continuity:

LEMMA 1 Letd andd; be two adjacent voxels that share
aface f,i.e. 9 Ndj=f. Thend(Sy )N =9 (SF)NT.

We note that the same formulation also applies to adaptive
grids.
3. Accuracy of Polygonization

In this section, we analyze topological properties of our poly-
gonization algorithm. We also extend the polygonization algo-
rithm to improve its accuracy and compute a parameterization.

(© The Eurographics Association 2006.

3.1. Topology Preservation

Our goal is to prove that is topologically equivalent to?.
In particular, we show that there exists a homeomorphism be-
tween.# and.#. Our proof follows the following outline:

1. We define docal map.7y : .7 — ng in each voxely. We
show thats#} is a bijection. Furthermore, we prove that the
local maps of two adjacent voxels match each other along
the common face. We combine these local maps to obtain a
homeomorphisa? . .7 — #,and thereby establish topo-
logical equivalence between and.7.

. The local maps?%} is a composition of three bijections:

a. The forward visibility mapp,.
b. The image transfer mag-or each facef, we define a

mapd; : T — f+ that maps the imag&" on facef to

its triangulationf +. We refer tod; as themage transfer
mapof f. By combining the image transfer maps of the
faces, we obtain an image transfer migp: 25 — éﬁ
for the voxel. B

c. The backward visibility ma,.

The local maps# is equal topg o 8 0 .

We state the main results of topological equivalence. The

proofs of all these lemmas and the theorem are presented in
the appendix. We first state the properties of the image trans-
fer map of a face and voxel.

LEMMA 2 Given a face f in the visibility grid, there exists
a bijectiond; : f+ — f+.

LEMMA3 Givena vgxel? in the visibility grid, there exists
a bijectiondy : Zy — Py.

Since 7% is a composition of bijective mappings, it is a bi-
jection. See Appendix. This fact combined with the fact that
our approximation generatesC8 mesh can be used to arrive
at the following main result (proof of result is iIVKZMO0G6]
and the supplementary material provided with this paper):

THEOREM 1 .7 is homeomorphic toZ (.7 ~ .7).

Evaluating the Homeomorphism: Our formulation of the
homeomorphism is constructive. We can evalugfeand its
inverse using ray-shooting. Consider a poirgt .#. Letx be-

long to a voxely. Thens?Z (x) = 7 (X). Recall that’Zy is a
composition of three bijections: (a) the forward visibility map
¢y, (b) 6y, and (c) the backward visibility maﬁﬂ. Each of

the three bijections can be evaluated by ray-shooting. There-
fore, computings#y (x) also reduces to ray-shooting. We use
this property in Sectio3.5to compute a parameterization of
the implicit surfaces.

3.2. Geometric Accuracy

We extend our algorithm to generate a polygonizali%with
a bounded Hausdorff error. Given aay> 0, our algorithm
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outputsﬂ~ such that the two-sided Hausdorff distance between
7 and.7 is less thare. One way to bound this error is to re-
quire that all the grid cells in the volumetric grid be smaller
thane. However, this can incur a huge penalty in the perfor-
mance as a large number of star-shaped tests would need to be
performed (Sectiond). Rather, we bound” by a set of vox-

els of sizee and check it is contained by this set of voxels.
Such a voxelization is precomputed for the implicit surface
using interval arithmetic (see SectidrB).

Chair

Decocube

When . is defined in terms of Boolean operations over a
set of primitives, we exploit the fact that the boundary.%f
is a subset of the union of boundaries of the primitives. Con-
sider a voxely that is intersected by primitives,.77, . .. -
In this case, we check if the Hausdorff distance betwegn
and.” N is less thare for eachi = 1,...,n. This provides
a sufficient condition under which the Hausdorff distance be-
tween.# and.# is also bounded by. A different technique
for bounding Hausdorff error is presented &4B02].

gg S

Diagonal Tanglecube

3.3. Quality of Polygonization Figure 5: Polygonization of algebraic surfacesOur algo-

We can also generate a triangulation with good aspect rithm is able to_ compute reliable pol_ygor_ﬂzat_ion of these high
ratios by using the remeshing techniques proposed by 9enus algebraic surfaces. The running time is about 10 sec for
[PHO3 THCMO4]. Each patch in our case hasstar-shaped these surface, except for Decocube that takes about 52 sec-
parameterizationwhich is a special case of spherical parame- onds.

terization — a property that is utilized by these remeshing tech- ization problem. We exploit the fact that our algorithm con-
niques. We can use these techniques to guide the image trian-siycts a homeomorphisgt’ : & — 7 between the implicit
gulation step of our algorithm (Sectidh3.9. Since theimage  gyrface and our polygonal approximation. Furthermoié,
triangulation is done on the faces of the grid, we automatically ¢an pe evaluated by ray-shooting. Therefore, by computing
ensure continuity across adjacent voxels. a mesh parameterizatign: 2" — .#, we obtain an implicit

surface parameterization: 2" — .7, whereA = ¢ Lo p.
3.4. Sharp Features

We use a technique similar to Dual contouridg.$W07 to 4. Spatial Subdivision

obtain an accurate polygonization near sharp features. For Qur polygonization algorithm assumes that each patch of the
each triangle in#, we use the normals at the three vertices to implicit surface restricted to a voxel/face of a cell is star-
estimate aninimizing vertexas described inJLSW03. Then shaped. In this section, we present our spatial subdivision al-
we output a dual polygonal mesh by combining the minimiz-  gorithm to decompose the space into a visibility grid with
ing vertices of adjacent triangles: each trianglegncorre- respect to.#. We perform an octree subdivision and check
sponds to a vertex in the dual mesh, an edg€ icorresponds ~ Whether the portion of#” restricted to a voxed, i.e. 7, is

to a dual edge, and a vertex.ifi corresponds to a polygon in star-shaped. A similar test is also performed on the faces of
the dual mesh. By triangulating these polygons, we obtain a &ach cell.

triangulation that can capture sharp features. In general, a star-shaped surface does not have a unique
guard. The set of all guards is called #ernel Thus the sur-
face is star shaped if its kernel is non-empty. For polygonal

. . ) eshes, testing whether the kernel is non-empty can be per-
A star-shaped surface can be parameterized using sphericaky e efficiently using linear programming. However, it is
coordinates, i.e. latitude and longitude. Both the original im- 54 to perform the kernel test exactly for non-linear prim-
plicit surface.# and our approximation/ consist of star- jtives. We perform a conservative test using linear program-
shaped patches, denoted.4§ and.#y. As a result, our al-  ming and interval arithmetic for many types of implicit sur-
gorithm automatically computes a piecewise star-shaped pa-faces, by extending the approach described by Varadhah
rameterization of?. [VKSMO4]. Our algorithm is based on two oracles:

Our algorithm can also compute a global parameterization e O1: Given a voxeh$ and a parametar, this oracle returns

3.5. Parameterization

of implicit surfaces. In general, computing a good parame-
terization of implicit surfaces is a difficult problenP¢d93,

In contrast, there exist a host of techniques to parameterize
polygonal meshesHHO5. Our algorithm reduces the prob-
lem of implicit surface parameterization to a mesh parameter-

n points inside?, which lie on.#. It returns an error code

if Zs = 0. As long as the surface passes through a cell,
this oracle can be implemented by generating line segments
uniformly inside the cell and look for intersections with the
surface. The generation of line segments is done by 3 sets

(© The Eurographics Association 2006.
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(a) Vase Lion (b) Chisel (c) Knot

Figure 6: Polygonization of complex MPU models: The figure shows three MPU mddeds:Lionwith 200K points,Chiselwith
14X points and and&not with 28K points.

of two-plane parameterization of the rays as described in  We choose a point that is roughly in the center of the ap-
Levoy et al. [LH96]. As the density of samples in each proximate kernel. To find this point, we augment the linear
plane is increased, we get more line segments to intersect program by adding a slack variakigo each of the constraints
the surface. - (g —x)Tnj + & > 0. We also set the objective function to
Computing the intersection of the line segments with the maximize . This heuristic relies on the fact that asin-
surface reduces to a ray shooting problem. Implicit surfaces creases, the kernel computed with linear programming con-
like MPU implicits [OBA*03] are defined as the zero set verges to the true kernel. It relies on the following fact: Con-
of a convex combination of quadric surfaces. Dealing with sider ane-sampling of the implicit surface using the isophotic
quadric surfaces is fairly well studied in the literature. Fur- metric (Euclidean distance + arc length on Gaussian sphere)
ther, techniques to compute roots of high-degree univariate [PSH04]. Then the kernel boundary computed using the sam-
polynomials have matured over the last decade and many ples will approximate the true kernel boundary (in terms of
efficient and reliable numerical algorithms exiBirj96)]. Hausdorff error) to within a monotonic function ef

e O2: Given a pointp on .#, this oracle returns the unit nor-
mal vector to.# atp. This is basically gradient computa-
tion.

It can be seen that the kernel monotonically shrinks (in
terms of set containment) with increasing number of sampled
points. The point most interior in the kernel is also the most

Our method initially estimates a point inside the cell thatis  Stable to perturbations in the linear constraints. Hence, if the
likely to be a point in the exact kernel (if one exists). Once we true surface is star-shaped, this point is likely to be (heuristi-
have a witness point in the kernel, we use interval arithmetic to cally) the best candidate for being a guard. Let the point com-
determine if the point obtained is indeed a witness to the exact Puted using linear programming Ipe We need to verify ifo
kerne'l |f the intervaj arithmetic test is positive' we can guar- iS aCtually a WitneSS to the exact kel’nel. Such a WitneSS Would

antee that the surface is star-shaped. Otherwise, we subdividesatisfy 0¢ (x —p)Tn(x), for all pointsx on the primitive in-
the voxel until the condition is satisfied. side the voxel whera(x) is the normal to the surface at

4.1. Kernel Witness Computation 4.2. Application to Implicit Surfaces

The algorithm described above is applicable to all surfaces, as
long as the oracles are available. As a result, our approach is
general. However, if surfaces have a certain structure in terms
of their description, we take advantage of that to provide more
efficient interval tests. Many implicits are represented as zero
set of anelementary functioni.e. built from a finite combi-
nation of constant functions, field operations algebraic, expo-
nential, and logarithmic functions and their inverses under re-
peated compositions. For such surfaces, the normal vector at
a point can be defined by the gradient function which are el-
ementary functions themselves. This allows us to define our
star-shaped condition.

We start by invoking oracl®1 to generate a set of points
inside the voxel. We use a simple heuristic to decide the
number of points. IV is the volume of the voxel, we gen-
eratem = cv2/3 points (roughly proportional to the surface
area) with an appropriate constantLet the point set be

2 =1{01,42,-..,qm}. We then invoke oracl®2 to compute

the unit normal vector on each of the points obtained from the
first step. Let the normal vector at poigt be n;. We define

m linear constraints corresponding to halfspaces supported by
the tangent planegd; —x)"n; > 0,x € R3). We also include

the six linear constraints defining the faces of the cell. We
solve for the feasibility of the linear program to determine a
witness. MPU Implicits: Many surface reconstruction algorithms use
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Figure 7: CAD model: This CAD model consists of 14 solids de-

signed using a total of 84 Boolean operations on cones and cylinders.
Our algorithm took on an average of 15 secs to compute the boundary

of each solid.

MPU implicits to define an approximate implicit surface for
a given set of points with normal©®BA*03]. Inside localized

CellC

| /=

T,

p — maximum 3
‘curved object

Figure 8: Star-shaped test on implicit surfaces: The left fig-
ure shows the candidate point selection. The red points are a
result of implementing oracl®1. The right figure shows the
kernel membership test. Given a cell C, we compute an ini-
tial voxelization V of the primitive and use the intervals in V
during the interval arithmetic step.

regions of space, the set of points inside an octree voxel define4.3. Interval Arithmetic and Termination

a local shape function (a quadric function). The MPU implicit
is defined as
F(x) = 2iW)QI)
¥iwi(x)
where the weight functions;(x) are defined as quadratic B-
splines for each octree voxel af@(x) is a local quadric sur-

@)

face based on the points inside the voxel. Based on this defini-

tion, we express the gradient function fqf) as

¥i(wi (x)BQi (x) +Qi(x) Bwi (x))

s = Tjwj(x)

&)

This expression is plugged into the interval test given a can-

The main advantage of using interval arithmetic is that all our
computations are validated and once it terminates we can be
sure that the surface is divided into star-shaped pieces. In this
section, we will discuss issues of termination with our inter-
val arithmetic approach. Our subdivision algorithm terminates
when one of the following interval conditions are satisfied:

1. The star-shaped condition

i.e. 40
(x—p)T0S(x)
2. The cell does not contain the implicit surface, i.€ 07 (x)

is satisfied,

For manifolds, cells far away from the surface will satisfy
condition 2 and we terminate the subdivision. For smooth sur-
faces C! or C?), the gradient function will be away from zero
sufficiently close to the surface and hence condition 1 will be

didate kernel point. Since the interval test is a sign test, we satisfied after finite number of subdivisions.

eliminate the denominator since it is a positive weight func-
tion.

Moving Least Squares (MLS): Moving Least Squares are

commonly used to render point-set surfaces and can be used
to generate a topology preserving reconstruction of point sam-

ples, under certain conditiondine04 Kol05].

We use the formulation of KolluriKol05] in the following
discussion. LeS be the input point set. Let the unit normal at
points € Sbhen;. According to Kolluri [Kol05], the MLS is
the zero set of

_ ZsesW((x—5)"mj)
SsesWi(x) ’

whereW (x) = e~ *-sI*/€% /a; A is the number of samples
inside a ball of radiug centered a$.

S (X) 3)

The implicit surface, defined above, is star-shaped with re-
spect to a poinp if (x—p)TOI(x) > 0. Let the cardinality of
setSbek. Let N be the 3x k matrix whoset" column isn;,

W be thek x 1 vector whosé'" element i3M (x) andSbe the
k x 3 matrix whose'" row is (x— ). Then the star-shaped
test boils down to evaluating the interval expression

tr(NW(x—p)")—2tr(STNW(x—p)T9) /€2,  (4)

tr() is the matrix trace function. The first term of the expres-
sion is a 3x 3 matrix and the 2nd term islax k matrix.

There are two conditions under which our interval test, as
described, will not be satisfied.

e If the candidate kernel witness poiptlies inside the cell,

(x—p) vanishes.

o If the medial axis of the surface lies inside the cell, the gra-
dient of the implicit surface vanishes.

We alleviate these problems by precomputing a dense vox-
elization of the implicit surface as shown in Figb). The
motivation to perform the voxelization is to generate a set of
intervals that are as close to the implicit surface as possible.
While computing the kernel witness point, we ensure that it
lies outside the intervals in the voxelization. Given a grid cell,
we find the intervals that intersect the cell and perform the in-
terval test on each of the intervals. If the test on each of the
intervals does not contain zero, the candidate point is a valid
witness to the kernel and we terminate the subdivision. For
smooth surfaces, the medial axis is separated from the sur-
face (local feature size is strictly positive) and the sufficiently
dense voxelization will not include the medial axis inside the
intervals.

The only case that is left is when the cell contains a part of
the surface that has a singularity (condition 1 above is not sat-
isfied because gradient function is zero on the surface). In this
case, interval arithmetic will not terminate. In our implemen-
tation, once the cells are roughly the size of the intervals we
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Bloomenthal | Boissonnat & Oudot| Our algorithm | 9

Filigree 380 519 241 -

Chisel a7 79 58 Q;& B
Vase-lion 205 13,582 234 1 ;

Chair 10 ? 10.6 (a) Implicit Surface
Tanglecube 0.35 17.6 11
Decocube 1.89 ? 52 i : 3 2 -
Diagonal 0.93 9.0 9.1 ‘ ‘ ‘

Table 1: Performance comparison: This table compares the perfor-
mance of our algorithm with Bloomenthal's algorithm and the algo- ‘
rithm by Boissonnat & Oudot for various models. All the timings are (b) MC-like Polygonization
in seconds. The question mark indicates cases for which we were not
able to successfully run the algorithm.

~ 2
( % E—

stop the subdivision process and resort only to linear program-
ming to test for the star-shaped property. While this does not
provide a rigorous guarantee, this heuristic will work unless

we are dealing with highly pathological cases.

Y

(c) Visibility Mapping Based Polygonization

Figure 9: This figure compares our algorithm with MC-like algo-

number of false nedatives which results in unnecessary sub- rithms for a set of cell configurations. The top row of figures show
g y different cell configurations; the middle row shows polygonization

d,iViS_i(_)n' The_ precomputed voxelization serves the purpose of gaineq using an MC-like algorithm; the bottom row shows poly-
significantly improving the performance. gonization produced by our algorithm. In some cases, MC-like algo-
rithms generate no surface output.

The performance of interval arithmetic depends on the

4.4. Boolean Combinations marks: MPU-based reconstructio@BA*03] of point cloud,

We use the star-shaped property to perform the test on Booleanpolygonization of algebraic surfaces, and CSG models. Figs.
combinations of primitives. We use a conservative test based 1, 5, 6, and7 highlight our results on these benchmarks. Ta-
on the following property: it#; and.”, are two star-shaped  ble 1 shows a performance comparison with Bloomenthal’s

primitives with a common guard, thet; ® .#> is also star- algorithm [Blo88] and the algorithm by Boissonnat & Oudot
shaped where denotes a Boolean operation such as union [BOO0S5. While our algorithm is somewhat slower than Bloo-
and intersection. This is because menthal’s algorithm, it has the advantage that it provides guar-

antees on the accuracy of the output. Compared to Boissonnat
Kemel(.71) NKemel(.72) C Kernel(.71©.72) & Oudot’s algorithm, which also provides guarantees, our al-

The above test reduces the star-shaped test for a Boolean comgorithm is significantly faster and more scalable to complex

bination to star-shaped tests on the individual primitives. We models.

can test whether the individual primitives are star-shaped w.r.t

a common guard by using linear programming and interval 6. Comparison with Prior Methods

arithmetic techniques as discussed earlier in the section. There ] )

are two important advantages of the above test. First, this test I this section, we compare and contrast features of our algo-

can be performed without an explicit representation of the fithm with prior techniques to polygonize implicit surfaces.

final solid corresponding to the Boolean operation. Second,

this test does not require the final surface to be smooth; this 6.1. Isosurface Extraction Methods

is crucial because Boolean operations typically generate non-

smooth surfaces with sharp features. Fighows application

of our algorithm to Boolean operations.

One of the commonly used approaches for isosurface
extraction is Marching Cubes (MC) and its extensions
[LC87, KBSS0], JLSWO03. We refer to these algorithms col-
lectively as MC-like algorithms. The input to MC-like algo-
rithms is a sampled scalar field obtained by discretizing the
Our algorithm uses three basic components: (a) linear pro- continuous implicit function upto a certain resolution. How-
gramming to verify if a a polyhedral primitive or a set of points ~ ever, the main issue in these approaches is generating the
samples satisfy the star-shaped test, (b) interval arithmetic to scalar field at an appropriate resolution such that the recon-
check whether a curved primitive intersects a cell and if it sat- structed surface is accurate. An inadequate grid resolution
isfies the star-shaped test, and (c) ray shooting to evaluate themay result in an inaccurate output when the implicit surface
forward and backward visibility maps, image transfer map, hassmall componentshin sheetsor needle-shaped features
and the homeomorphism. Each of these three components areas shown in Fig9.

relatively simple to implement. Moreover, there exist public
domain packages for many of these components,@3QPT
for linear programming.

5. Implementation and Performance

Assume that the subdivision algorithm has computed a
guard within each cell in Fig. It is possible that the subdivi-
sion algorithm may need to generate sub-intervals within the
We have tested our algorithms on three kinds of bench- cell to reliably compute the guard. Once such a guard has been
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computed, our polygonization algorithm can reliably handle
all these cases as shown in Fg.

Topological ambiguity: Many solutions have been proposed
to fix topological ambiguities that can arise in some cases of
the original MC algorithm WG90, CGMSO0Q. In some case,
these algorithms can provide topological guarantees by as-
suming some type of interpolation, e.g., trilinar interpolation,

rameterizability criterion are not applicable to Boolean opera-
tions.

Plantinga and VegteV04] present a similar method for
implicit surface polygonization. The condition of Plantinga
and Vegter imposes the constraint that the gradient of the im-
plicit function should not vary by more thary2. As a result,
it is applicable to only smooth surfaces and cannot handle ob-

on the sampled scalar field. These topological ambiguity han- jects defined by Boolean operations.

dling algorithms do not address the issues of generating a grid
with adequate resolution to provide global topological guar-
antees with respect to the original implicit surface.

Topology preserving sampling:Varadhan et al.JKSM04]

7. Limitations

Our approach has a few limitations. We assume that the im-
plicit surface is a manifold. Our interval arithmetic based star-

p_resented an adaptive grid g(_aneration algorithm such that theshaped decomposition algorithm can be conservative in prac-
final surface reconstructed using MC has the same topology astice. Furthermore, the star-shaped test can generate a high
the implicit surface. However, this algorithm is rather conser- pymper of sub-intervals in order to compute a guard inside
vative and uses much stronger criteria for sample generation.  yoxel. Our algorithm cannot handle cases where the implicit

Moreover, our polygonization algorithm can explicitly com-

surface has singularities such as self-intersections or tangen-

pute the homeomorphism and compute a parameterization oftj5| intersections.

the implicit surface.

6.2. Spatial Subdivision Methods

Spatial subdivision techniques have been
widely used to polygonize implicit  surfaces
[Blo88, Vel90, HW90, SFYC96 JLSW02 WGG99 AGO1].
These algorithms either generate a uniform grid, octree or a
kd-tree, or perform tetrahedral-based polygonization. These
algorithms can also handle non-manifold implicit surfaces
[BF95. However, to the best of our knowledge, these spatial
subdivision algorithms do not provide topological guarantees
on the final polygonization. Few algorithms such E889]
choose to visualize implicit surfaces by ray-tracing rather than
polygonization, but these are complementary to our work.

6.3. Topology Preserving Polygonization

Some algorithms can guarantee a topology pre-
serving polygonization of implicit surfaces
[BNO96, SH97, BCSV04 vOW04.  These  algorithms

assumes &2 continuous implicit surface. Under this assump-
tion, these algorithms attempt to isolate the critical points.
They do not apply to Boolean operations wherein the critical
points corresponding to the final solid are unknown.

We have demonstrated the application of the meshing al-
gorithm described inBO0Y in Table 1. It can only handle
smooth surfaces and can not deal with Boolean operations.
It is significantly slower than our algorithm and can not deal
with very complex inputs.

6.4. Interval Arithmetic

Synder Bny97 presented an adaptive subdivision method for
computing a topologically accurate polygonal approximation
of an implicit curve/surface. This method keeps subdividing
cells until a parameterizability criterion is satisfied This pa-
rameterizability criterion would not be satisfied if the implicit

8. Conclusion and Future Work

We present a new algorithm to polygonizing implicit surfaces
based on star-shaped decomposition. We compute a visibility
mapping for each star-shaped patch within the cell and use
these maps to compute a polygonization that is homeomor-
phic to the original surface. Our algorithm is relatively simple
to implement and not prone to robustness problems or crack
patching that arise in other techniques based on adaptive sub-
division. We demonstrate the performance of our algorithm on
many complex benchmarks, including non-smooth surfaces,
and compute a watertight polygonization. In terms of per-
formance, our algorithm is considerably faster than previous
methods that can provide rigorous guarantees on the topology
and can handle complex models. However, our current imple-
mentation is not fast enough for interactive applications.

There are many avenues for future work. We would like
to extend our approach to handle non-manifold surfaces. We
would like to compute a global parameterization of implicit
surface that can give bounds on distortion. It may be useful to
develop point-reconstruction algorithms for non-smooth sur-
faces based on the MLS formulatiodl05] and generate a
topology preserving polygonization using our approach. An-
other challenge is to faithfully reconstruct all the sharp fea-
tures in the input. Finally, we would like to improve the per-
formance of our algorithm for real-time implicit modeling.
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