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ABSTRACT

We presenta novel approachfor real-timepathplanningof mul-
tiple virtual agentsin complex dynamicscenes.We introducea
new datastructure,Multi-agentNavigationGraph(MaNG),which
is constructedfrom the �rst- andsecond-orderVoronoi diagrams.
TheMaNG is usedto performrouteplanningandproximity com-
putationsfor eachagentin realtime. WecomputetheMaNGusing
graphicshardwareandpresentculling techniquesto acceleratethe
computation. We alsoaddressundersamplingissuesfor accurate
computation.Our algorithmis usedfor real-timemulti-agentplan-
ning in pursuit-evasionandcrowd simulationscenariosconsisting
of hundredsof moving agents,eachwith adistinctgoal.

Keywords: crowd simulation,Voronoidiagram,motionplanning.

Index Terms: I.3.5 [Computing Methodologies]: Computa-
tional Geometry and Object Modeling—Geometricalgorithms;
I.3.7 [Computing Methodologies]: Three-DimensionalGraphics
andRealism—Animation,virtual reality

1 INTRODUCTION

Crowds, ubiquitousin the real world from groupsof humansto
schoolsof �sh, arevital featuresto modelin avirtual environment.
Realisticsimulationof virtual crowdshave diverseapplicationsin
architecturedesign,emergency evacuation,urbanplanning,person-
neltraining,educationandentertainment.Existingwork in thisarea
canbebroadlyclassi�edinto agent-basedmethodsthatfocusmore
on individual behavior, or crowd simulationsthat aim to exhibit
emergentphenomenaof thegroups.

In thispaper, weaddresstheproblemof collision-freepathcompu-
tation for agentsmoving in a complex virtual environment. Since
individualsconstantlyadjusttheir behavior accordingto dynamic
factors(e.g. anotherapproachingindividual) in the environment,
agent-basedtechniquesthat focuson modelingindividual behav-
iors andintentsoffer many attractive bene�ts. They oftenresultin
morerealisticanddetailedsimulations.Oneof thekey challenges
in a large-scaleagent-basedsimulationis globalpathplanningfor
eachvirtual agent. The pathplanningproblemcanbecomevery
challengingfor real-timeapplicationswith a largegroupof moving
virtual characters,aseachcharacteris adynamicobstaclefor other
agents.Many prior techniquesareeither restrictedto staticenvi-
ronmentsor performlocal collision avoidancecomputations.The
latter can result in unnaturalbehavior or “getting stuck” in local
minima. Theseproblemstendto bemorevisible in a dynamically
changingscenewith multiplemoving virtual agents.

Main Results: In this paper, we presenta novel, real-timeal-
gorithm for pathplanningof multiple virtual agentsin a dynamic
environment.Weintroduceanew datastructurecalled“multi-agent

navigationgraph”or MaNGandcomputeit ef�ciently usingGPU-
accelerateddiscreteVoronoidiagrams.Voronoidiagramshavebeen
widely usedfor pathplanningcomputationsin staticenvironments
[6, 20] andweextendtheseapproachesto dynamicenvironments.

Voronoidiagramsencodetheconnectivity of thespaceandprovide
a pathof maximalclearancefor a robot from otherobstacles.In
orderto usethemfor multiple moving agentsin a dynamicscene,
prior approachescomputetheVoronoidiagramfor eachagentsep-
aratelyby treatingthe otheragentsandthe environmentasobsta-
cles.Thisapproachcanbecomeverycostlyasthenumberof virtual
agentsincreases.Instead,we computethe secondorder Voronoi
diagramof all the obstaclesandagents,andshow that the second
orderVoronoidiagramprovidespairwiseproximity informationfor
all theagentssimultaneously. Therefore,we combinethe �rst and
secondorderVoronoigraphsto computetheMaNGfor globalpath
planningof multiplevirtual agents.

The MaNG computespathsof maximal clearancefor a groupof
moving agentswith different goalssimultaneouslyand doesnot
require a separatepath planning data structurefor eachvirtual
agent. Furthermore,we computea discreteapproximationto this
graphstructureby usingtherasterizationhardwareandproposean
adaptive culling techniqueto acceleratethecomputation.We also
addressthe undersamplingissuesthat arisedue to discretization.
Someof ourkey resultsinclude:

1. A new global data structure, the “multi-agent navigation
graph” (MaNG) for parallel computationof maximal clear-
ancepathsamongmultiple virtual agentsmoving indepen-
dently;

2. Interactiveglobalpathplanningandlocal collisionavoidance
for multiplevirtual agents,eachwith possiblydifferentgoals,
in acomplex virtual environment;

3. A fasttwo-passalgorithmwith adaptiveculling techniquesfor
computingadiscreteMaNGusingGPUs;

4. Resolvingundersamplingissuesin discretegraphcomputa-
tion.

Theresultingtechniqueis scalablefor globalpathplanningof many
dynamicagentsin a complex virtual world, not necessarilymov-
ing in groups. Although our approachis speci�cally well suited
for simulatingmultiple virtual agentswith distinct intentions, it
can also be used in conjunctionwith a crowd simulation. We
have demonstratedour algorithmon two challengingscenarios:a
pursuit-evasiongameof many fruit pickerschasedby farmersand
crowd simulation.In boththeseenvironments,ouralgorithmis able
to performreal-timeglobal pathplanningandcollision avoidance
simultaneouslyfor hundredsof virtual agentswith distinctgoals.

Organization: Therestof thepaperis organizedasfollows. Sec-
tion 2 reviews prior literaturein relatedareas. In Section3, we
de�ne our notationandgive anoverview of our approach.We in-
troduceourdatastructure,MaNG,andshow how it canbeusedfor
pathplanningof multiple agentsin Section4. Section5 describes
our ef�cient algorithm to computethe MaNG in real-timeusing
GPUs.We describetheimplementationandhighlight two applica-
tionsof ourplanningalgorithmto complex virtual environmentsin
Section6, andanalyzethealgorithmperformancein Section7.



2 RELATED WORK

In this section,we brie�y survey relatedwork on multi-agentsim-
ulationandVoronoidiagramsfor pathplanning.

2.1 Multiple Agent Simulation

Agent-basedmethods,suchastheseminalwork of Reynolds[28],
generatefast,simple local rules that cancreatevisually plausible
�ocking behavior. Numerousextensionsthat accountfor social
forces[7], psychologicalmodels[26], directionalpreferences[34],
sociologicalfactors[23], etc.havebeenproposed.Interestingtech-
niquesfor collision avoidancehave alsobeendevelopedbasedon
grid-basedrules[22] andbehavior models[37].

Most agent-basedtechniquesperform local collision avoidance.
However, global path planningtechniquesare neededto provide
goalseekingcapability. In practice,globalplanningalgorithmstyp-
ically usegraphsearchtechniquesfor eachagent[2, 11, 19, 35].
Pettreet al. [27] proposeda graphstructurethat decomposesthe
spaceinto multi-layeredterrainsto supportfast graphsearchfor
multiplecharacters.

Mostrecently, anovel approachfor crowd simulationbasedoncon-
tinuum dynamicshasbeenproposedby Treuille et al. [36]. This
work computesa dynamicpotential�eld thatsimultaneouslyinte-
gratesglobalnavigationwith local obstacleavoidance.Theresult-
ing systemrunsat interactive ratesanddemonstratesmoothtraf�c
�o ws for threeto four groupsof largecrowdsthataremoving with
commongoals.However thiswork doesnotaddressthecasewhere
eachperson's or agent's path needsto be computedseparately.
Multi-agent path planninghasalso beeninvestigatedextensively
in robotics,mostly for performingcollaborative tasks[3, 21, 25].
In addition,crowd simulationhasalsobeenheavily studiedin other
�elds [14, 18,29,30]. Weprovidedetailedcomparisonswith some
closelyrelatedmethodsin Section7.

2.2 Voronoi Diagrams and Path Planning

Voronoi diagramis a fundamentalproximity datastructureused
in computationalgeometryand relatedareas[24]. Generalized
Voronoi diagrams(GVD) of polygonalmodelshave beenwidely
usedfor motionplanning[5, 20]. Theboundariesof thegeneralized
Voronoidiagramrepresenttheconnectivity of thespace.Moreover,
they are usedto computepathsof maximal clearancebetweena
robotandtheobstaclesbasedon potential�eld approaches[4, 16]
or biasthesamplegenerationfor arandomizedplanner[10,13, 39].
However, sampling-basedmethodsare limited to static environ-
mentsandthepotential-�eld basedplannershavebeenusedfor 2D
environmentswith very few robotsor agents.

A disadvantageof using the GVD is the practical complexity
of computing it ef�ciently and robustly. Hence, several ap-
proacheshave beenproposedto computeanapproximationof the
GVD. VleugelsandOvermars[38]useadaptivespatialsubdivision.
ChosetandBurdick[5] de�ne arelatedstructurecalledhierarchical
generalizedVoronoi graph which is computedusingcontinuation
methods.Wilmarth et al. [39] computepointson theGVD without
explicitly computinga representationof theentireset.Anotherset
of approachescomputeadiscreteVoronoidiagramalongauniform
grid usinggraphicshardware[15, 33,8].

3 BACKGROUND AND NOTATION

In this sectionwe introducethe notationusedin the paper, give
a backgroundon Voronoi diagrambasedmotion planning, and
presentanoverview of ourapproach.

3.1 Notation

A geometricprimitive or an object (in 3-dimensions)is called a
site. In this work, a site refersto a point, an openedge,an open
triangle,or a connectedpolygonalobject,andwe restrictourselves
to 2D environments.An entity for which a pathneedsto becom-
putedis calledan agent (or a robot). All obstaclesandagentsare
representedassites. The centerof massof a site pi is denotedas
p(pi).

Given a site pi , the scalardistancefunction d(q; pi) denotesthe
distancefrom thepoint q 2 Rn to theclosestpoint on pi . Givena
setof sitesP in domainD, anda subsetT of P, with jTj = k, the
k-th order Voronoi region is the setof pointscloserto a site in T
thanto any othersite:

Vork(TjP) = f q 2 D j d(q; pi) � d(q; p j ) 8 pi 2 T; p j 2 PnTg:

The k-th order Voronoi diagram is a partition of of the domainD
into thek-th orderVoronoiregions:

VDk(P) =
[

pi2P

Vork(T;P) ; jTj = k:

ThestandardVoronoidiagramis thesameasthe1st orderVoronoi
diagramVD1(P). We are speci�cally interestedin the 1st and
2ndorderVoronoi diagrams,denotedasVD1(P) andVD2(P), re-
spectively. A 1storderVoronoi region Vor1(pi jP) containspoints
closestto site pi , andthe2ndorderVoronoiregionVor2(f pi ; p jgjP)
containspointsclosestto two sitespi andp j . For easeof notation,
we drop thesuperscriptfor the1st orderVoronoidiagramVD(P).
Thecomplementof a sub-domainX is denotedasXc andgivenby
D nX.

Thesetof closestk-tuplesof sitesto apoint is calledthek-th order
governorset. For apointq 2 D, let thesetof closestk-tupleof sites
beU = f T0; : : : ;Tmg; jT i j = k, i.e. q 2 Vork(T i jP). Thenthek-th
ordergovernorsetof q is denotedasGovk(qjP) = U. The1st order
governorsetis thesetof closestsites,while the2nd ordersetof a
point is thesetof closestpairsof sites.

In 2D, theboundariesof Voronoi regionsconsistof Voronoiedges
which aresubsetsof the bisectorbetweentwo sites,andVoronoi
verticeswhich are equidistantfrom threeor more sites. The ar-
rangementof all Voronoi edgesand vertices in the k-th order
Voronoi diagramis called the k-th order Voronoi graph, denoted
VGk(P). Formally, VGk(P) = (V;E), where,

V = f v 2 D j jGovk(vjP)j � 3g
E = f e j e= (v1;v2);v1 2 V;v2 2 V;9 connectedcurvec; s:t:

c = Vork(pi jP) \ Vork(p j jP);v1 2 c;v2 2 cg

Thek-th orderVoronoidiagramis closelyrelatedto thek-th near-
est neighbordiagram. The k-th nearestneighbordiagramis the
partitionof D into k-th nearestneighborregions. Thek-th nearest
neighborregionof sitepi is thesetof pointsfor which pi is thek-th
nearestsite.Similarly, thearrangementof theverticesandedgesin
thek-th nearestneighbordiagramis calledthek-th nearestneigh-
bor graph,denotedNGk(P). Examplesof the 1st and 2nd order
Voronoidiagrams,Voronoigraphs,andnearestneighbordiagrams
areshown in FigureC.2. The1st nearestneighbordiagramis iden-
tical to the1st orderVoronoidiagram.Furtherpropertiesof higher
orderVoronoidiagramsarepresentedin [9, 24].



3.2 Motion Planning Using Voronoi Diagrams

Voronoidiagramshavebeenusedin motionplanningin many ways,
including roadmapcomputation,samplegeneration,or combined
with potential�eld methods. The setof sitesP is the setof ob-
stacles,andtheVoronoidiagramof theworkspaceVD(P) is com-
puted.TheVoronoigraphVG(P) capturestheconnectivity of the
workspaceandprovidespathsof maximalclearancebetweenthe
obstacles.The Voronoi verticesclosestto the robot andgoal are
classi�ed assourceanddestinationandthe minimumweightpath
is thencomputed.

For complex 3D environments,anapproximateVoronoidiagramis
computed.Thecomputationof discreteVoronoidiagramsanddis-
creteVoronoigraphscanbeacceleratedusingGPUsandhasbeen
usedfor motionplanningin dynamic2D [17] and3D environments
[33]. TheVoronoivertex closestto theagentis setasan interme-
diategoalandtheVoronoidiagramis recomputedastheobstacles
move.

However, theseapproachesare inef�cient for computingthe path
of multiple agentsin a dynamicenvironment.For anagentpi , the
remainingagentsneedto beconsideredasobstacles,i.e. thesetof
obstaclesis P nf pig. Henceto computethepathfor agentpi , the
modi�ed VoronoigraphVG(Pnf pig) needsto becomputed.Thus
thecostof computingthepathfor all agentsis O(nc), wheren is the
numberof agentsandO(c) is thecostof computingeachmodi�ed
VoronoigraphVG(Pn pi) for 1 � i � n.

3.3 Overview

Our approachfor motion planningof multiple agentsusesthe 1st

andthe2nd orderVoronoidiagramsto computeaglobalnavigation
datastructure,theMaNG.TheMaNG graphis theunionof the1st

andthe2nd orderVoronoigraphsandis formally presentedin Sec-
tion 4. We treateachagentasa site (in additionto otherobstacles
in theenvironment)andtheMaNGis computed.TheMaNGcanbe
computedin time O(c), andprovidesa pathof maximalclearance
for eachagent.In addition,we computetheproximity information
from thesecondorderVoronoidiagram[31] andapply it within a
potential-�eld basedsimulator[16].

4 MULTIPLE AGENT PLANNING USING HYBRID VORONOI
GRAPH

In this sectionwe introducethe multi-agentnavigation graphand
demonstrateits applicationto multipleagentsplanning.

4.1 Multi-a gent Navigation Graph (MaNG)

For multi agentplanning,eachmoving agentrepresentsa dynamic
obstaclefor the remainingagents.Hence,our goal is to compute
a global navigation datastructurethat provides the clearancein-
formationfor eachagent. In particular, for eachagentwe want to
computea graphthatprovidesmaximalclearanceto theobstacles
andremainingagents.

We partition the setof sitesP into two subsets- the setof obsta-
clesPo andthesetof agentsPa. Themulti-agentnavigationgraph
(MaNG), denotedMG(P), is a union of the �rst order Voronoi
graph VG1(P) and a subsetof the secondorder Voronoi graph
VG2(P) containedinsidethe1st orderVoronoiregionof eachagent.

Formally,

MG(P) = (V;E), where

V = f v j v 2 V1 [ (V2 \ Vor(pi jP))8pi 2 Pag;

E = f e j e2 E1 [ (E2 \ Vor(pi jP))8pi 2 Pag;

VG1(P) = (V1;E1) andVG2(P) = (V2;E2):

The MG(P) consistsof verticesand edgesfrom the 1st and the
2nd order Voronoi graphsVG1(P) and VG2(P). Somevertices
in MG(P) are commonto both VG1(P) and VG2(P), however
VG1(P) andVG2(P) donot shareany edge[24].

Weassignacoloringtoeachedgeandverticein MG(P) basedonits
membershipin VG1(P) or VG2(P). Edgesfrom VG1(P) arecol-
oredred andedgesfrom VG2(P) arecoloredblack. Further, ver-
ticesin VG1(P) arecoloredred,andverticesin VG2(P) nVG1(P)
are coloredblack. Finally, eachedgein the MaNG is assigned
weight basedon the cost of traveling that segment. Details on
weight computationarepresentedin Section5. A 2D exampleof
the MaNG for somepoint agentsand obstaclesis shown in Fig-
ureC.2.

MG(P) is closelyrelatedto the2nd nearestneighborgraphNG2(P).
In particular, we statethefollowing resultabouttheir relation.De-
tailedproofsareprovidedin a technicalreport.
Lemma 1. Givena setof sitesP, the2nd nearestneighborgraph
NG2(P) andtheMaNGMG(P):

• MG(P) � NG2(P),

• Givenanedgee2 NG2(P) incidentontwo2nd nearestneigh-
bor regions of sites pi and p j . For any point x 2 e: If
d(x; pi) = d(x; p j ) = d(x;P) ) e 2 VG1(P). If d(x; p j ) =
d(x; pi) > d(x;P) ) e2 VG2(P).

As a consequenceof lemma1, both the1st and2nd orderVoronoi
graphscanbeextractedfrom the2nd nearestneighbordiagram.We
usethisresultto ef�ciently computetheMaNGfrom the2nd nearest
neighbordiagramin Section5.

4.2 Multiple Agent Planning

In this section,we presentour approachfor ef�cient pathplanning
of multipleagentsusingtheMaNG.Thepathplanningproblemfor
eachagentis de�ned as follows: we aregiven an agentpi 2 Pa,
its currentposition in the workspacegiven by its centerof mass
p(pi), and a goal position of the centerof massgi . We wish to
computea pathfor pi from p(pi) to gi , which is maximally clear
andcollision free to theremainingsitesP nf pig. Sucha pathcan
be computedusingthe Voronoi graphVG1(P nf pig). We statea
resulton theequivalenceof thepathscomputedusingthe1st order
VoronoigraphsandtheMaNG.
Lemma 2. Givenan agent pi , and the Voronoi graphsVG1(P n
f pig), MG(P):

1. VG1(Pnf pig) � MG(P)

2. VG1(Pnf pig) \ Vor(pi jP) = MG(P) \ Vor(pi jP).

Lemma2 provides an approachfor extracting the Voronoi graph
VG1(P n f pig), for eachagent pi , from MG(P). The complete
algorithmfor computinga path for an agentpi is given in Algo-
rithm 1, andanexamplepathis shown in FigureC.4. Thefunction
LocatePoint(gi ) returnsthe1st orderVoronoiregionwhichcontains
gi . The sourceandgoal positionsareconnectedto verticesin the
MaNG using greenedges. ShortestPath(pi ,gi ,MG(P)) computes



theminimumweightpathfrom p(pi) to gi following only thegreen
andrededgesin MG(P). This is equivalentto computingtheshort-
est path by following the 2nd order Voronoi graphinside the 1st

orderVoronoi region of agentpi , andthe 1st orderVoronoi graph
everywhereelse(seeFigureC.4).The�rst vertex alongthispathis
chosenasanintermediategoalfor agentpi .

Input : Agent pi , Goalpositiongi , Setof sitesP, MaNG
MG(P)

Output : PathSi from currentpositionto goalposition

k  LocatePoint(gi)
if k = i then

Si  edge(p(pi);gi)
return

ComputeVi  setof blackverticesin Vor(pi jP)
ComputeEi  setof blackedgesin Vor(pi jP)
if Vi 6= /0 andp(pi) =2 Vi then

AugmentMG(P) with greenedges
ej = (p(pi);v j )8v j 2 Vi
Assignweightto ej ;w(ej )  d(p(pi);v j )

else
foreachedgeej 2 Ei do

Computev j  closestpointonej to p(pi)
AugmentMG(P) with greenedgeej = (p(pi);v j )
Assignweightto ej ;w(ej )  d(p(pi);v j )

end
ComputeVk  setof redverticesin Vor(pkjP)
AugmentMG(P) with greenedgesej = (gi ;v j )8v j 2 Vk
Assignweightto ej ;w(ej )  d(gi ;v j )
Add greenlabelsto eachedgeej 2 Ei
Si  ShortestPath (pi ,gi ,MG(P))
Removegreenlabelsfrom eachedgeej 2 Ei
Removeall greenedgesfrom MG(P)

Algorithm 1: ComputePath(pi , gi , P, MG(P)): Computes
apathfor agentpi to goalgi giventhesetof sitesP andthe
MaNGMG(P)

5 MANG COMPUTATION

In this sectionwe presentour approachfor ef�ciently computing
the MaNG, which is basedon the 1st and the 2nd order Voronoi
diagrams.However, exactcomputationof generalizedVoronoidia-
gramsof polygonalmodelsis non-trivial. Rather, we computethe
discreteVoronoidiagramalongauniformgrid usinggraphicshard-
ware [15]. The 2nd nearestneighbordiagramis computedusing
a secondpasswith depthpeeling,as presentedin [9]. We com-
putethegeneralized2nd nearestdiagramof higherordersites(lines,
polygons)by renderingthe generalizeddistancefunction for each
site [32]. We computethe 1st orderVoronoi diagramin the �rst
pass,andcomputethe2nd nearestneighbordiagramin thesecond
pass.Finally we extract the 1st andthe 2nd orderVoronoi graphs
from the2nd nearestneighbordiagramandcomputetheMaNG.

5.1 Culling Techniques

Thedistance�eld is computedby evaluatingthedistancefunction
to eachsite at eachpixel, andthis computationis ef�ciently per-
formedusing the rasterizationcapabilitiesof the GPU. However,
for a largenumberof sites,this leadsto redundantcomputationfor
eachpixel, andthecomputationbecomes�ll bound.Hence,weuse
culling techniquesto computeconservative boundson the 1st and
the 2nd orderVoronoi regions. The distancefunction to eachsite
is computedon thepixelsthatarecontainedwithin its conservative
Voronoiregion.

Our goal is to ef�ciently derive a tight upperboundon the1st and
the 2nd order Voronoi regions for eachsite. We computethese
boundsby determiningthe closestsite (andclosest2 sites)along
eachprincipledirection(+ X,� X,+ Y,� Y). Wecomputethebounds
using a quadtree,which subdivides the domain. Each node in
the quadtreecontainsthe numberof sitescontainedin the subtree
rootedatthenode.Usingthisquadtreewecanef�ciently determine
thesetof nearestneighborsfor eachsite.

The quadtreeis constructedasfollows. Eachleaf nodescontains
thenumberof sitescontainedwithin thenode.Let d bethesizeof
a leaf node. Eachintermediatenodecontainsthe numberof sites
containedin eachof its 4 children. Let the function E(l ) com-
putethe closestnon-emptyleaf nodeto the right of nodel in the
quadtree.Similarly, W(l ) andN(l ), S(l ), respectively, returnclos-
est leaf nodesto the left, top andbottomof nodel . To compute
the boundalong+ X for the 1st orderVoronoi region of a site pi ,
we �rst identify the leaf nodel i that containsthe centroidof the
site p(pi). Next we computethe closestleaf nodesE(l i), W(l i),
N(l i) andS(l i). Finally we computethe bisectorsof the pairsof
nodesE(l i);S(l i) andW(l i);S(l i). Thentheboundonthe�rst order
Voronoi region alongX axis is given by the intersectionof these
two bisectors. Similarly, the boundsalongY-axis are computed,
andthe �rst orderVoronoi region of site pi is boundedby a quad
coveringthesebounds.In addition,for a leaf nodel i , we storethe
locationsof its closestneighborsE(l i), W(l i), N(l i) andS(l i).

We computethe boundson all the 2nd order Voronoi regions of
site pi in the secondpassas follows. Along + X axis, we check
thenumberof sitesstoredin theclosestnodeE(l i). If thenumber
of sitesin nodeE(l i) is 2 or more, then the boundalong + X is
DX+ = d(l i ;E(l i)) + 2d. If numberof sitesin nodeE(l i) is less
than2, thenwe lookupthenodeE(E(l i)) (this hasbeencomputed
in the1st pass),andtheboundalong+ X is DX+ = d(l i ;E(E(l i))) +
2d. Similarly we computeboundsalong� X;+ Y and� Y axesand
computethedistancefunctionof site pi in a quadthatcoversthese
bounds.

To computethe boundsfor a higherordersite (a line segmentor
a convex polygon),we storethepositionof thecentroidof thesite
in the quadtree.We computethe distanceboundsfor the centroid
usingthequadtree,andaddthedistancebetweenthecentroidanda
vertex to computethedistanceboundsfor thesite.

5.2 Under sampling Errors

Computationof theVoronoigraphon a uniform grid mayresultin
undersamplingerrors,whichmayleadto theVoronoiregionsto be-
comedisconnected[33],andthe computeddiscreteVoronoi graph
may have many small disjoint components[16]. As a result, for
complex environmentswith a largenumberof sites,thecombinato-
rial complexity of theMaNGbecomesveryhigh.

We addresstheissueof undersamplingfor motionplanning,by re-
ducingthecombinatorialcomplexity of theMaNG without chang-
ing its connectivity. We reducethe complexity by appropriately
modifyingtheMaNGnearundersampledareas.Werely onthefact
that whentwo Voronoi edgesarearbitrarily close,thenthe agent
might follow eitheredge,aslong asthepathconnectivity doesnot
change.Suchedgescanberemovedfrom theMaNGprovidedtheir
removal doesnot changetheconnectivity of theMaNG.

Wepresentthedetailsof ouralgorithmfor reducingthecomplexity
of MaNG. We treat an edgewith an adjacentedgelessthanone
pixel awayasacandidatefor removal. Suchedgesareexactlythose
edgesthatbounda discreteVoronoi region of width 1 pixel. Thus
thetestfor eliminatingsuchedgesis equivalentto removing certain
pixels from a discreteVoronoi region, which doesnot changethe



connectivity of theVoronoigraph.Henceour testfor removal of a
pixel from a discreteVoronoi region relieson a local 3� 3 stencil
arounda pixel. Let pa bethegovernorof a pixel (i; j), andtheset
a denotethe governor set of the 4 adjacentpixels (i � 1; j); (i +
1; j); (i; j � 1); (i; j + 1). Then the pixel (i; j) can be removed if
eitherof thefollowing conditionsholds(seeFigureC.5):

1. pa =2 a . Thensite pa hasan isolateddiscreteVoronoi region
at pixel (i; j), with 4 Voronoiedgessurroundingit. Removal
of this Voronoi region doesnot changethepathconnectivity
in thestencil.

2. pa 2 a andpa occursin a exactly once.Thenthepixel (i; j)
representsanendpointof adiscreteVoronoiregionof site pa
andits removal doesnot changethe pathconnectivity in the
stencil.

After a pixel (i; j) satis�es the criteria for removal, we assignit
to anotherdiscreteVoronoi region to maintainthe connectivity of
Voronoiedges.Thepixel is assignedto a site in a nf pag with the
minimumdistanceto pixel (i; j). Thedistanceof asitein a to pixel
(i; j) canbeef�ciently computedby relyingonthefactthatdistance
vectorsarebi-linearlyinterpolated[32]. Thusdistancecomputation
involvesa vectorsummationwith a basisvectorandvectornorm
computation.

Theoperationperformedat eachpixel is a readfollowedby a con-
ditional write, andthe outputof onepixel may affect the connec-
tivity of adjacentpixels. Thusanef�cient parallelalgorithmis not
feasible,andwe performa sequentialscanof thediscreteVoronoi
diagramto updatetheVoronoigraph.

5.3 Graph Construction

Wenow presentouralgorithmto computetheMaNG.Wecompute
the 1st orderVoronoi diagramVD1(P) andthe 2nd nearestneigh-
bor diagramon the GPU, andre�ne the connectivity information
basedon thealgorithmdescribedin Section5.2. We thenperform
sequentialtracingof verticesandedgesto computethe2nd nearest
neighborgraph[15].

Weusetheresultpresentedin Lemma1 to classifytheedgesin the
2nd nearestneighborgraph,NG2(P). An edgeis classi�ed asbe-
longingto the1st orderVoronoigraphif thedistanceto closestsite
for all pixelson theedgeis identicalin VG1(P) andNG2(P). Due
to pixel resolutionerrors,wetreattwo distancevaluesasidenticalif
they arewithin onepixel width of eachother. Eachedgeis assigned
aweightproportionalto its lengthandinverselyproportionalto the
minimal clearancealongtheedge.An edgebelongingto VG1(P)
is labeledred,andtheremainingedgesarelabeledblack. A vertex
is labeledredif it hasat-leastonerededgeincidenton it, otherwise
it is labeledblack. Thesecolorsareusedby Algorithm 1 to search
for anoptimalpath.

6 IMPLEMENTATION AND RESULTS

In this sectionwe describethe implementationof our multi agent
planningalgorithmandhighlight its applicationto variousmulti-
agentsimulations.

6.1 Implementation

Wehave implementedouralgorithmonaPCrunningWindowsXP
operatingsystemwith an AMD Opteron280 CPU,2GB memory
andanNVIDIA 7900GPU.We usedOpenGLasthegraphicsAPI
and Cg languagefor implementingthe fragmentprograms. The
discreteVoronoidiagramanddistance�eld arecomputedat 32-bit
�oating point precisionusing�oating point buffers. The Voronoi

diagramis storedin the red channel,andthe distance�eld in the
depthbuffer. We usestencilteststo disable2nd orderVoronoidi-
agramcomputationin the 1st orderVoronoi regionsof the obsta-
cles. In the�rst pass,thestencilmaskis setfor all pixelsin the1st

orderVoronoi regionsof the agents.In the secondpass,distance
functionsareevaluatedat pixels with stencilmaskset. This opti-
mizationspeedsupbothdiscreteVoronoidiagramcomputationand
MaNG construction.We performreadbackof thediscreteVoronoi
diagramsandconstructthe MaNG on the CPU.The optimal path
is computedusinganA� searchwith Euclideandistancemetric to
guidethesearch.

We usea completequadtreefor Voronoi region culling described
in Section5.1. Thedepthof thequadtreeis setsuchthatoneleaf
nodecorrespondsto a block of 32� 32 pixels. We needto deter-
mine if a nodecontainsup to 2 sites- hencethe numberof sites
per nodeis encodedin 1 byte. By usinga completequadtree,the
nodeaddressescanbeef�ciently computedusingbit shifts,avoid-
ing pointeraddressing.

6.2 Demos

We describetwo multi-agentsimulations,demonstratingtheeffec-
tivenessof the MaNG for real-timepathplanning. The �rst sim-
ulation involvesa coverageproblem,while the secondoneis of a
crowd simulation.

Fruit StealingGame: The �rst simulationis of fruit stealingin a
denseorchard(seeFigureC.1). Thereareseveralagents(thieves)
which attemptto stealthefruit on thetrees.Theenvironmentalso
containssomeold farmerswho chasethe thieves. As the thieves
move throughtheorchard,they stealfruit in closeproximity. The
goalis for eachthief to move towardsdenserregionsof fruit while
avoidingthefarmers,thetreesandotherthieves.Thethieves,farm-
ers and treesare treatedas cylindrical sites. The treesare �x ed
obstacles,farmersare dynamicobstaclesand the thieves are the
agents.A coarsedensitymapis usedto track the densityof fruit
remainingin the orchard. Treeswith desirablefruit areassigned
higherdensity. Theagentsareinitially spreadneartheboundaryof
theorchard,andthegoalpositionis setto adistanthighdensityre-
gion. Thegoalpositionfor eachagentis alsodynamicallyupdated
asthedensityof thecurrentgoaldropsbelow acertainthreshold.

Theglobalpathof eachagentis computedusingtheapproachpre-
sentedin Algorithm 1. Wecomputetheproximity to nearestsitefor
eachagentfrom the2nd nearestneighbordiagram,which is usedin
a potentialplannerfor local planning.Finally, we alsousethe2nd

orderVoronoidiagramto computetheclosestagent(thief) for each
farmer. This is setasthegoalfor eachfarmerandthefarmermoves
directly towardsthis agent.Thefarmersdo not usetheMaNG for
pathplanning,however they usethepotentialandrepulsive forces
to stay clear of other farmersand trees. A thief is eliminatedif
caughtby a farmer. Henceit is desirablefor eachthief to compute
shortestpathsof maximalclearancefrom thefarmers(dynamicob-
stacles)andotherthieves(agents)in orderto collectthemostfruit.

Crowd Simulation: We simulatea crowd of peoplemoving in an
urbanenvironmentwith dynamicobstacles(FigureC.3). We sim-
ulateonly theindividual behavior andnot thegroupbehavior. The
set of sitesconsistsof buildings, carsand humans. The humans
enterthescenefrom oneof thebuildingsandexit throughanother
building or thesidewalks. Eachhumanis anindividual agentwith
an independentgoal. The carsare dynamicobstacles,while the
buildings, benches,fountainsarestaticobstacles.Similar to fruit
picking, theproximity informationfor local planningis computed
using the 2nd orderVoronoi diagram. The total force appliedon
eachagentis a sumof an attractive force to move it towardsthe
intermediategoalcomputedby theMaNG,andtherepulsive forces



from thenearestneighbors.For goalsin closeproximity, only the
localpotential�eld planneris used,disregardingtheMaNG.

6.3 Results

We now highlight the performanceof our algorithm in complex
dynamicenvironments.Our approachcanperformreal-timepath
planningfor eachagentin environmentsup to 200agentswith dif-
ferentdestinations,at theratesof 5 to 20 fps. ThediscreteVoronoi
diagramsarecomputedon grid of resolution1K � 1K pixels. The
fruit stealingsimulation has 64 treeswith a varying numberof
thievesandfarmers.Thecrowd simulationhas15 staticobstacles
andbetween2 and5 moving cars,with a varying numberof hu-
mans.Theperformanceof our approach,with a timing breakupis
presentedin Table1.

Demo Agents Graph Time(ms)
jVj jEj DVD MaNG Plan Total

Crowd 10 206 1051 7 20 0:23 52
Crowd 25 330 1949 9 22 0:8 57
Crowd 50 560 3500 10 36 2:0 73
Crowd 100 946 7058 15 65 5:6 110
Crowd 200 1927 14669 20 150 18 213
Fruit 10 565 2282 8 25 1:0 59
Fruit 100 1378 6099 15 70 20 130

Table1: Performanceof multi-agentpathplanningalgorithm(av-
erage over all frames):jVj and jEj denotenumberof verticesand
edgesin theMaNG.DVD = Timeto computethe2nd orderdiscrete
VoronoidiagramontheGPU, andremovingundersampledregions.
MaNG = Time to extract the MaNG from the discreteVoronoi di-
agram. Plan = time for path planning for all agents. Time for
readback of discreteVoronoidiagramanddepthbuffersat 1K � 1K
resolution= 25ms.

7 ANALYSIS AND COMPARISON

In this section,we analyzethe performanceof our algorithm. We
highlight its computationalcomplexity andcompareit with other
approachesfor multi-agentpathplanning.

7.1 Anal ysis

Let thenumberof sitesben, andthesizeof thegridusedtocompute
thediscreteVoronoidiagramsbem� m. Weassumethenumberof
agentsjPaj = O(n). We now presentthe time complexity of each
stagein ouralgorithm.

The costof computingthe 1st and2nd orderdiscreteVoronoi dia-
gramsis asfollows. Thesizeof thequadtreeis O(( m

32)2), anddepth
= O(logm). Thenthe costof computingthe boundsfor eachsite
(seeSection5.1) is O(logm). The costof rasterizingthe distance
functionfor a site pi is O(rjVork(pi jP)j), wherejVork(pi jP)j is the
numberof pixels in theVoronoi region of pi andr dependson the
tightnessof the computedVoronoi region bounds,1 < r < O(n).
Typically, we have observed r = O(1). Then the cost of com-
puting theVoronoidiagramis O(nlogm+ Sn

i= 1(rjVork(pi jP)j)) =
O(rm2 + nlogm).

The costof readingbackthe framebuffers is O(m2). The costof
extracting the MaNG is O(jEj), wherejEj is numberof edgesin
MaNG.Fromlemma2, thenumberof edgesin MaNG,jEj � jE1j +
jE2j, wherejEk j is numberof edgesis VDk(P), andjEk j = O(kn)
[9]. Thuscostof extractingthe MaNG is O(n). The costof path

planningusingA� is typically polynomialin O(jEj + jVj). There-
forecostof computingall pathsisO(n(jEj + jVj)) = O(n2). In prac-
tice,asshown by Table1 theassociatedconstantwith pathplanning
is muchsmallerandthebottleneckis thediscreteVoronoidiagram
computationandgraphconstruction.

7.2 Comparisons

Next weprovidequalitativecomparisonsof ourapproachwith prior
methodsfor multi-agentplanning.

Comparisonwith 1st order Voronoi diagram: Ourapproachpro-
videsa global solution for pathplanningof eachagentusing the
MaNG.TheMaNGcomputesaroadmapof maximalclearancecol-
lision freepathsfor eachagentin O(1) passes,ascomparedto O(n)
passesfor computingO(n) Voronoi roadmaps.In particular, using
the 2nd orderVoronoi graphfor pathplanningguaranteesthat the
positionselectedasthe �rst intermediategoalalongthecomputed
pathis unique.Thispreventsadjacentagentsfrom moving towards
the sameintermediategoal andgettingstuck in a local minimum
of the potentialfunction. An exampleis presentedin FigureC.6.
In this example,adjacentagentsselectthesameintermediategoal
from 1st order Voronoi diagram,whereasthe intermediategoals
from the 2nd orderVoronoi diagramareunique. In addition, the
pathcomputedhasmaximalclearance.More speci�cally, vertices
on theVoronoidiagramareusedto computetheareaof maximum
coveragefor a new site[1]. Henceby following theverticeson the
MaNG,ourplanningapproachensuresamaximumcoverageregion
for eachagent.

The closestrelatedwork by Pettreet al. [27] computesan initial
roadmapof a staticenvironmentusingVoronoidiagrams,andcon-
structsa setof homotopicpathsfor a groupof agents.This work
implicitly groupsagentsby their origins andgoals. Furthermore,
local collision avoidanceis not guaranteed.In contrastour algo-
rithm is able to handledynamicenvironmentsas the roadmapis
updatedin real-time,and the useof 2nd order Voronoi diagrams
providespairwiseproximity informationwhich is usedto guaran-
teecollisionavoidance.

Thework oncontinuumcrowds[36] computesadynamicpotential
�eld andupdatesthe positionof eachagentby moving alongthe
gradientof thepotentialfunction. Thepotential�eld is computed
for asmallnumberof groupsof agentsmoving with commongoals.
However, dueto theuseof a potentialfunctiontheagentsmayget
stuckin a local minimum. In contrast,our approachallows for an
independentgoalfor eachagent.

In comparisonto agentbasedmethods,ourMaNGbasedpathplan-
ning algorithmprovidesglobal paths,andmay be combinedwith
rule-basedtechniquesto simulatemorecomplex andrealisticagent
behavior.

7.3 Limitations

Therearesomelimitationsof ourwork. We computetheMaNGin
the workspace,hencethe approachdoesnot scalewell for agents
with many degreesof freedom(e.g. snakes). We useanA� graph
searchalgorithm,which maynot beoptimal. Finally, we compute
an optimal pathfor eachframe,however thereis no guaranteeon
coherenceof pathsacrossframes,or on convergenceover a period
of time. In fact,theoptimalpathsacrosstwo timestepsmaynotbe
coherent,potentiallyresultingin noisymotions.



8 CONCLUSIONS AND FUTURE WORK

We have presenteda novel approachfor real-timepathplanningof
multiple virtual agent,basedon a new datastructure- the Multi-
agentNavigationGraph(MaNG).TheMaNGis usedto simultane-
ouslycomputethepathsof maximalclearancefor a setof moving
agentswith independentgoals.TheMaNG is constructeddynam-
ically usingdiscreteVoronoidiagrams.We alsopresentedculling
techniquesfor acceleratingthediscreteVoronoidiagramcomputa-
tion andaddressedundersamplingissuesdueto discretization.We
havedemonstratedtheapplicationof ourapproachto realtimesim-
ulation involving a largenumberof independentagents,eachwith
anindividualgoal.

Thereareseveralavenuesfor futurework. Onerelevantavenueis
to constrainthegraphsearchto computetemporallycoherentpaths
whichareguaranteedto convergeto the�nal goal.Wewouldliketo
exploit coherencein graphsearchwhenmany agentshave similar
goalsandinitial positions.Ef�cient parallelalgorithmsfor simpli-
fying thediscreteVoronoigraphsandcomputingtheMaNGwould
beusefulfor acceleratingthecomputation.Finally, we would like
to extendour approachto handleagentswith high degreesof free-
dom.
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FigureC.1: Fruit stealingsimulation:A simulationof 96 fruit pickers (with yellowhair) in anorchard with 64K fruit (darkblueandpurple)
on 64 trees(browntrunks)and4 farmers (in whiteshirts). Each agentmaintainsan independentgoal. Left: Initial top view of theorchard.
Middle: Top view during the middleof simulationwith manyfruit collected. Right: Perspectiveview of path tracesof the agentsin fruit
stealingsimulation.Theyellowcurvestracethepositionof each agentover a range of timesteps.Thetracedemonstrateslaneformationas
theagentsmovearoundobstacles.

(a) (b) (c) (d) (e)
Figure C.2: Voronoi DiagramsandVoronoi Graphs:8 point sitesconsistingof 3 obstacles(shownin white)and5 agents(shownin black).
(a) 1st orderVoronoidiagram(b) 2nd orderVoronoidiagramof the8 sites.Each region is closerto oneof a pair of sitesthanto anyothersite
(c) 2nd nearestneighbordiagram.Each regionhasthesamesiteasthesecondclosestsite. (d) 2nd nearestneighborgraph.Rededgesdenote
edgesfrom1st order Voronoi graph,black edgesare edgesfrom2nd order Voronoi graph(e) theMulti-agentNavigationGraph(MaNG)for
the5 agents,which is a subsetof the2nd nearestneighborgraph.

FigureC.3: CrowdSimulation:Twoscenesof acrowdsimulationwith agentsmoving
betweenbuildings and the sidewalks. Thecars representdynamicobstacles.Our
MaNGbasedalgorithmcanperformpathplanningon200agents,each with distinct
goals,at 5 framespersecond.

Figure C.4: Multi-Agent Path Planning using
the MaNG.TheMaNG is augmentedwith green
edgesconnectingthe start position(blue dot) to
the goal position (orange dot). The computed
shortestpath for one agent is shownwith blue
edges.

(a) (b) (c)

FigureC.5: DiscreteVoronoi regionshrinkingfor under-sampling
errors: A 3� 3 pixelneighborhoodof a discreteVoronoidiagram.
ThediscreteMaNGis shownin thick orange lines. (a) Thegreen
discreteVoronoi region is disconnected.(b) Thecenterpixel may
beassignedto an adjacentVoronoi region reducingcomplexity of
the MaNG,without changingits connectivity(c) Reassigningthe
centerpixelwill changeconnectivityof theMaNG.
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Figure C.6: Comparisonof 1st order Voronoi graph and MaNG:
4 agents,with goalsin oppositecorners. Left: Intermediategoals
computedfrom1st order Voronoi graph. Pairs of agentsmoveto-
wards samegoal. Right: Intermediategoals from MaNG. Each
agenthasa uniqueintermediategoal.


