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ABSTRACT

We presenta novel approachfor real-time path planningof mul-

tiple virtual agentsin comple« dynamicscenes. We introducea

new datastructure Multi-agentNavigationGraph (MaNG), which

is constructedrom the rst- andsecond-orde¥oronoi diagrams.
The MaNG is usedto performrouteplanningandproximity com-

putationsfor eachagentin realtime. We computethe MaNG using
graphicshardwareandpresentulling techniquego acceleratéhe

computation. We also addressundersamplingssuesfor accurate
computation.Our algorithmis usedfor real-timemulti-agentplan-

ning in pursuit-easionand crovd simulationscenariogonsisting
of hundredof moving agentsgachwith a distinctgoal.

Keywords: crowd simulation,Voronoidiagram,motionplanning.

Index Terms: 1.3.5 [Computing Methodologies]: Computa-
tional Geometry and Object Modeling—Geometricalgorithms;
1.3.7 [Computing Methodologies]: Three-DimensionalGraphics
andRealism—Animationyirtual reality

1 INTRODUCTION

Crowds, ubiquitousin the real world from groupsof humansto
schoolsof sh, arevital featurego modelin avirtual ervironment.
Realisticsimulationof virtual crovds have diverseapplicationsin
architecturelesignemepgeng evacuationurbanplanning,person-
neltraining,educatiorandentertainmentExistingwork in thisarea
canbebroadlyclassi edinto agent-basednethodghatfocusmore
on individual behaior, or crowd simulationsthat aim to exhibit
emegentphenomenaf thegroups.

In this paperwe addresshe problemof collision-freepathcompu-
tation for agentsmoving in a comple virtual ervironment. Since
individuals constantlyadjusttheir behaior accordingto dynamic
factors(e.g. anotherapproachingndividual) in the environment,
agent-basedechniqueghat focus on modelingindividual behar-
iors andintentsoffer mary attractive bene ts. They oftenresultin
morerealisticanddetailedsimulations.Oneof the key challenges
in alarge-scaleagent-basedimulationis global pathplanningfor
eachvirtual agent. The path planningproblemcanbecomevery
challengingfor real-timeapplicationswvith alargegroupof moving
virtual charactersaseachcharacteis a dynamicobstaclefor other
agents.Marny prior techniquesare eitherrestrictedto static ervi-
ronmentsor performlocal collision avoidancecomputations.The
latter canresultin unnaturalbehaior or “getting stuck” in local
minima. Theseproblemstendto be morevisible in a dynamically
changingscenewith multiple moving virtual agents.

Main Results: In this paper we presenta novel, real-timeal-
gorithmfor path planningof multiple virtual agentsin a dynamic
ervironment.Weintroduceanew datastructurecalled“multi-agent

navigationgraph”or MaNG andcomputeit ef ciently usingGPU-
acceleratediscretevoronoidiagrams\Voronoidiagramshave been
widely usedfor pathplanningcomputationsn staticervironments
[6, 20] andwe extendtheseapproacheto dynamicenvironments.

Voronoidiagramsencodehe connecwity of thespaceandprovide

a pathof maximal clearanceor a robotfrom otherobstacles.In

orderto usethemfor multiple moving agentsn a dynamicscene,
prior approachesomputethe Voronoidiagramfor eachagentsep-
aratelyby treatingthe otheragentsandthe ernvironmentasobsta-
cles.Thisapproacttanbecomerery costlyasthenumberof virtual

agentsincreases.Instead,we computethe secondorder Voronoi

diagramof all the obstaclesandagentsandshav thatthe second
orderVoronoidiagramprovidespairwiseproximity informationfor

all the agentssimultaneously Therefore we combinethe rst and
secondrderVoronoigraphso computethe MaNG for global path
planningof multiple virtual agents.

The MaNG computespathsof maximal clearanceor a group of

moving agentswith different goals simultaneouslyand doesnot
require a separatepath planning data structurefor eachvirtual

agent. Furthermorewe computea discreteapproximationto this

graphstructureby usingtherasterizatiorhardwareandproposean

adaptve culling techniqueto acceleratehe computation.We also
addresghe undersamplingssuesthat arisedue to discretization.
Someof our key resultsinclude:

1. A new global data structure, the “multi-agent navigation
graph” (MaNG) for parallel computationof maximal clear
ancepathsamongmultiple virtual agentsmoving indepen-
dently;

2. Interactive global pathplanningandlocal collision avoidance
for multiple virtual agentsgachwith possiblydifferentgoals,
in acomple virtual ervironment;

3. A fasttwo-passalgorithmwith adaptve culling techniquegor
computingadiscreteMaNG usingGPUs;

4. Resolvingundersamplingssuesin discretegraphcomputa-
tion.

Theresultingtechniques scalablgor globalpathplanningof mary

dynamicagentsin a comple virtual world, not necessarilymov-

ing in groups. Although our approachis speci cally well suited
for simulating multiple virtual agentswith distinct intentions, it

can also be usedin conjunctionwith a crowd simulation. We
have demonstratedur algorithmon two challengingscenarios:a
pursuit-easiongameof mary fruit pickerschasedoy farmersand
crowd simulation.In boththeseervironmentspuralgorithmis able
to performreal-timeglobal path planningand collision avoidance
simultaneouslyor hundredsf virtual agentswith distinctgoals.

Organization: Therestof the paperis organizedasfollows. Sec-
tion 2 reviews prior literaturein relatedareas. In Section3, we
de ne our notationandgive an overview of our approach.We in-
troduceour datastructureMaNG, andshav how it canbeusedfor
pathplanningof multiple agentsn Section4. Section5 describes
our efcient algorithmto computethe MaNG in real-timeusing
GPUs.We describetheimplementatiorandhighlight two applica-
tionsof our planningalgorithmto comple virtual environmentsin
Section6, andanalyzethe algorithmperformancen Section?.



2 RELATED WORK

In this section,we brie y suney relatedwork on multi-agentsim-
ulationandVoronoidiagramsgor pathplanning.

2.1 Multiple Agent Simulation

Agent-basednethodssuchasthe seminalwork of Reynolds[28],

generateast, simplelocal rulesthat can createvisually plausible
ocking behaior. Numerousextensionsthat accountfor social
forces[7], psychologicamodels[26], directionalpreference§34],

sociologicafactorg[23], etc. have beenproposedInterestingech-
niquesfor collision avoidancehave alsobeendevelopedbasedon

grid-basedules[22] andbehaior models[37].

Most agent-basedechniquesperform local collision avoidance.
However, global path planningtechniquesare neededto provide
goalseekingcapability In practice globalplanningalgorithmstyp-
ically usegraphsearchtechniquedor eachagent[2, 11, 19, 35].
Pettreet al. [27] proposeda graphstructurethat decomposethe
spaceinto multi-layeredterrainsto supportfast graphsearchfor
multiple characters.

Mostrecently anovel approacHor crowd simulationbasecdn con-
tinuum dynamicshasbeenproposedoy Treuille etal. [36]. This
work computesa dynamicpotential eld thatsimultaneouslynte-
gratesglobal navigationwith local obstacleavoidance.Theresult-
ing systemrunsat interactive ratesanddemonstratsmoothtraf ¢
o wsfor threeto four groupsof large crowdsthataremoving with
commongoals.Howeverthis work doesnotaddresshe casewhere
eachpersons or agents path needsto be computedseparately
Multi-agent path planning has also beeninvestigated extensiely
in robotics,mostly for performingcollaboratve tasks[3, 21, 25].
In addition,crowd simulationhasalsobeenheavily studiedin other
elds [14, 18,29, 30]. We provide detailedcomparisonsvith some
closelyrelatedmethodsn Section?.

2.2 Voronoi Diagrams and Path Planning

Voronoi diagramis a fundamentalproximity datastructureused
in computationalgeometryand related areas[24]. Generalized
Voronoi diagrams(GVD) of polygonalmodelshave beenwidely
usedfor motionplanning[5, 20]. Theboundarie®f thegeneralized
Voronoidiagramrepresentheconnectity of thespaceMoreover,
they are usedto computepathsof maximal clearancebetweena
robotandthe obstacledasedon potential eld approache§, 16]
or biasthesamplegeneratiorfor arandomizeglannef10, 13, 39].
However, sampling-basednethodsare limited to static environ-
mentsandthe potential- eld basedlannershave beenusedfor 2D
ernvironmentswith very few robotsor agents.

A disadantageof using the GVD is the practical compleity

of computing it efciently and rohbustly. Hence, several ap-
proachesave beenproposedo computean approximationof the
GVD. VleugelsandOvermars[38luseadaptve spatialsubdvision.
ChosetandBurdick[5] de ne arelatedstructurecalledhierarchical

generlized Voronoi graph which is computedusing continuation
methodsWilmarth etal. [39] computepointson the GVD without
explicitly computinga representatioof the entireset. Anotherset
of approachesomputea discreteVoronoidiagramalongauniform

grid usinggraphicshardware[15, 33, 8].

3 BACKGROUND AND NOTATION

In this sectionwe introducethe notationusedin the paper give
a backgroundon Voronoi diagram basedmotion planning, and
presentinoverview of ourapproach.

3.1 Notation

A geometricprimitive or an object (in 3-dimensions)s called a
site In this work, a site refersto a point, an openedge,an open
triangle,or a connectegolygonalobject,andwe restrictoursehes
to 2D environments.An entity for which a pathneedsto be com-
putedis calledan agent (or arobot). All obstaclesandagentsare
representea@ssites. The centerof massof a site p; is denotedas

p(pi)-

Given a site pj, the scalardistancefunction d(g; p;) denotesthe
distancefrom the point g 2 R" to the closestpointon p;. Givena
setof sitesP in domainD, anda subsefT of P, with jTj = k, the
k-th order Voronoi region is the setof pointscloserto asitein T
thanto ary othersite:
Vor‘(TjP) = fq2 Djd(g;p) d(q;pj) 8 pi2 T;pj 2 PnTg:

The k-th order Voronoi diagramis a partition of of the domainD
into the k-th orderVoronoiregions:

VvDK(P) = [ Vor(T;P) ; jTj = k:
pi2P

The standard/oronoidiagramis the sameasthe 15t orderVoronoi
diagramVD1(P). We are speci cally interestedin the 15t and
2"dorder Voronoi diagrams denotedas VDX(P) and VDZ(P), re-
spectvely. A 1S'orderVoronoi region Vorl(pijP) containspoints
closesto site p;, andthe 2"%orderVoronoiregion Vor?(f p;; p;giP)
containspointsclosesto two sitesp; and p;. For easeof notation,
we drop the superscripfor the 15t orderVoronoidiagramVD (P).
The complemenbdf a sub-domairX is denotedasX© andgivenby
DnX.

Thesetof closesk-tuplesof sitesto a pointis calledthek-th order
governorset Forapointq 2 D, letthesetof closesk-tupleof sites

ordergovernorsetof q is denotedasGov¥(gjP) = U. The1Storder

governorsetis the setof closestsites,while the 2nd ordersetof a
pointis the setof closestairsof sites.

In 2D, the boundarie®f Voronoiregionsconsistof Voronoiedges
which are subsetf the bisectorbetweentwo sites,and Voronoi
verticeswhich are equidistantfrom three or more sites. The ar

rangementof all Voronoi edgesand verticesin the k-th order
Voronoi diagramis called the k-th order \oronoi graph, denoted
VGK(P). Formally, VGK(P) = (V;E), where,

V=fv2DjjGov(viP)j 3g
E=feje= (v1;V2);v12 V;V, 2 V;9 connectedturwec; st:
c= Vor¥(pijP)\ Vor¥(pjjP);v1 2 c;v, 2 cg

Thek-th orderVoronoidiagramis closelyrelatedto the k-th near
estneighbordiagram The k-th nearestneighbordiagramis the
partition of D into k-th nearesheighborregions. The k-th nearest
neighborregion of site p; is thesetof pointsfor which p; is thek-th
nearessite. Similarly, thearrangementf theverticesandedgesn
the k-th nearesneighbordiagramis calledthe k-th nearesneigh-
bor graph, denotedNGK(P). Examplesof the 15t and 2"? order
Voronoi diagramsVoronoigraphs,andnearesneighbordiagrams
areshavn in FigureC.2. The 15t nearesheighbordiagramis iden-
tical to the 15t orderVoronoidiagram.Furtherpropertiesof higher
orderVoronoidiagramsarepresentedn [9, 24].



3.2 Motion Planning Using Voronoi Diagrams

Voronoidiagramshave beenusedn motionplanningin mary ways,
including roadmapcomputation,samplegenerationor combined
with potential eld methods. The setof sitesP is the setof ob-
staclesandthe Voronoidiagramof the workspacevD (P) is com-
puted. The VoronoigraphVG(P) captureghe connectiity of the
workspaceand provides pathsof maximal clearancebetweenthe
obstacles.The Voronoi verticesclosestto the robot and goal are
classi ed assourceanddestinationandthe minimum weight path
is thencomputed.

For complex 3D ervironments anapproximaté/oronoidiagramis
computed.The computatiorof discreteVoronoidiagramsanddis-
creteVoronoigraphscanbe acceleratedising GPUsandhasbeen
usedfor motionplanningin dynamic2D [17] and3D ervironments
[33]. The Voronoivertex closestto the agentis setasan interme-
diategoal andthe Voronoidiagramis recomputedsthe obstacles
move.

However, theseapproachesireinefcient for computingthe path
of multiple agentsn a dynamicernvironment. For anagentp;, the
remainingagentsneedto be consideredisobstaclesi.e. the setof
obstacless P nf pjg. Henceto computethe pathfor agentp;, the
modi ed VoronoigraphVG(P nf pjg) needso becomputedThus
thecostof computingthepathfor all agentds O(nc), wherenis the
numberof agentsand O(c) is the costof computingeachmodi ed
VoronoigraphVG(Pnp;) forl i n.

3.3 Overview

Our approachfor motion planningof multiple agentsusesthe 15
andthe 2" orderVoronoidiagramso computea global navigation
datastructure the MaNG. The MaNG graphis the union of the 15
andthe 2" orderVoronoigraphsandis formally presentedn Sec-
tion 4. We treateachagentasa site (in additionto otherobstacles
in theernvironment)andtheMaNG is computed TheMaNG canbe
computedn time O(c), andprovidesa pathof maximalclearance
for eachagent.In addition,we computethe proximity information
from the secondorderVoronoidiagram[31] andapplyit within a
potential- eld basedsimulator[16].

4 MULTIPLE AGENT PLANNING USING HYBRID VORONOI
GRAPH

In this sectionwe introducethe multi-agentnavigation graphand
demonstratés applicationto multiple agentlanning.

4.1 Multi-agent Navigation Graph (MaNG)

For multi agentplanning,eachmoving agentrepresents dynamic
obstaclefor the remainingagents.Hence,our goalis to compute
a global navigation datastructurethat provides the clearancan-
formationfor eachagent. In particular for eachagentwe wantto
computea graphthat providesmaximal clearanceo the obstacles
andremainingagents.

We partition the setof sitesP into two subsets the setof obsta-
clesP, andthe setof agentsP,. The multi-agentnavigationgraph
(MaNG), denotedMG(P), is a union of the rst order Voronoi
graphVG1(P) and a subsetof the secondorder Voronoi graph
VG2(P) containednsidethe 15t orderVoronoiregion of eachagent.

Formally,
MG(P) = (V;E), where
V= fvjv2 V[ (V2\ Vor(pijP))8pi 2 Pag;
E=feje2 EY[ (E?\ Vor(pijP))8pi 2 Pag;
VGL(P) = (VL;EY) andVG?(P) = (V% E?):

The MG(P) consistsof verticesand edgesfrom the 15! and the
2" order Voronoi graphsVG1(P) and VG2(P). Somevertices
in MG(P) are commonto both VGY(P) and VG2(P), however
VGL(P) andVG?(P) donotshareary edge[24].

Weassigracoloringto eachedgeandverticein MG(P) basednits
membershign VG1(P) or VG2(P). Edgesfrom VGL(P) arecol-
oredred andedgesfrom VG2(P) arecoloredblack. Further ver-
ticesin VG(P) arecoloredred,andverticesin VG2(P) nVGY(P)
are coloredblack. Finally, eachedgein the MaNG is assigned
weight basedon the cost of traveling that segment. Details on
weight computationare presentedn Section5. A 2D exampleof
the MaNG for somepoint agentsand obstacless shavn in Fig-
ureC.2.

MG(P) is closelyrelatedto the2"d nearesheighborgraphNG2(P).
In particular we statethe following resultabouttheir relation. De-
tailedproofsareprovidedin atechnicalreport.

Lemma 1. Givena setof sitesP, the 2" neaestneighborgraph
NG2(P) andtheMaNGMG(P):

*« MG(P) NG(P),

« Givenanedegee2 NG2(P) incidentontwo 2"d neaestneigh-
bor regions of sites pj and pj. For any point x 2 e: If
dx; pi) = d(x; pj) = d(x;P) ) e2 VGY(P). If d(x;pj) =
d(x; pi) > d(x;P)) e2 VG?(P).

As a consequencef lemmal, boththe 15t and 2" orderVoronoi
graphscanbeextractedfrom the 2"d nearesheighbordiagram.We
usethisresultto ef ciently computetheMaNG from the2"d nearest
neighbordiagramin Section5.

4.2 Multiple Agent Planning

In this section,we presenbur approacHor ef cient pathplanning
of multiple agentausingtheMaNG. The pathplanningproblemfor

eachagentis de ned asfollows: we aregiven an agentp; 2 Pj,

its currentpositionin the workspacegiven by its centerof mass
p(pi), and a goal position of the centerof massg;. We wish to

computea pathfor p; from p(p;) to g;, which is maximally clear
andcollision free to theremainingsitesP nf pjg. Sucha pathcan
be computedusingthe Voronoi graphVG(P nf pig). We statea
resulton the equivalenceof the pathscomputedusingthe 15t order
Voronoigraphsandthe MaNG.

Lemma 2. Givenan agent p;, and the Voronoi graphsVGL(P n

fpig), MG(P):

1. VGY(Pnfpg) MG(P)
2. VGY(Pnfpig)\ Vor(pijP) = MG(P)\ Vor(pijP).

Lemma2 provides an approachfor extracting the Voronoi graph
VGY(P nf pig), for eachagentp;, from MG(P). The complete
algorithmfor computinga pathfor an agentp; is givenin Algo-
rithm 1, andanexamplepathis shavn in FigureC.4. Thefunction
Locatemint(g;) returnsthe 15 orderVoronoiregion which contains
gi- The sourceandgoal positionsare connectedo verticesin the
MaNG using greenedges. ShortestBth(p;,g;,MG(P)) computes



theminimumweightpathfrom p(p;) to g; following only thegreen
andrededgesn MG(P). Thisis equivalentto computingtheshort-
estpath by following the 2" order Voronoi graphinside the 15t
orderVoronoi region of agentp;, andthe 15t orderVoronoi graph
everywhereelse(seeFigureC.4). The rst vertex alongthis pathis
chosemasanintermediategoalfor agentp;.

Input: Agentp;, Goalpositiong;, Setof sitesP, MaNG
MG(P)
Output: PathS; from currentpositionto goalposition

k  LocatePoint(g;)

if k=ithen

S edge(p(pi);gi)

return
ComputeV;  setof blackverticesin Vor(p;jjP)
ComputeE;  setof blackedgesn Vor(p;jP)

if Vi 6 0 andp(p;) 2V then
AugmentMG(P) with greenedges
ej = (p(pi);vj)8vj 2 Vi

Assignweightto ej;w(ej)  d(p(pi);vj)
else
foreachedge ej 2 Ej do
Computevj  closestpointone; to p(p;)
AugmentMG(P) with greenedgee; = (p(pi);Vj)
Assignweightto ej;w(ej)  d(p(pi);Vj)
end
ComputeV  setof redverticesin Vor(pyjP)

AugmentMG(P) with greenedgesej = (g;;Vj)8vj 2 V
Assignweightto ej;w(ej)  d(gi;Vj)

Add greenlabelsto eachedgee; 2 E;

S ShortestPath (p;,gi,MG(P))

Remawe greenlabelsfrom eachedgee; 2 E;

Remave all greenedgedrom MG(P)

Algorithm 1: ComputeRth(p;, g, P, MG(P)): Computes
apathfor agentp; to goalg; giventhesetof sitesP andthe
MaNG MG(P)

5 MANG COMPUTATION

In this sectionwe presentour approachfor ef ciently computing
the MaNG, which is basedon the 15t and the 2" order Voronoi
diagrams However, exactcomputatiorof generalized/oronoidia-
gramsof polygonalmodelsis non-trivial. Rather we computethe
discreteVoronoidiagramalonga uniform grid usinggraphicshard-
ware[15]. The 2"d nearestneighbordiagramis computedusing
a secondpasswith depthpeeling,as presentedn [9]. We com-
putethegeneralize@"® nearestliagramof higherordersites(lines,
polygons)by renderingthe generalizeddistancefunction for each
site [32]. We computethe 15t order Voronoi diagramin the rst
passandcomputethe 2" nearesneighbordiagramin the second
pass. Final(ljy we extractthe 15t andthe 2"d orderVoronoi graphs
from the 2"% nearesheighbordiagramandcomputethe MaNG.

5.1 Culling Techniques

Thedistanceeld is computedby evaluatingthe distancefunction
to eachsite at eachpixel, andthis computationis ef ciently per
formed using the rasterizationcapabilitiesof the GPU. However,
for alargenumberof sites,this leadsto redundantomputatiorfor
eachpixel, andthecomputatiorbecomesll bound.Henceweuse
culling techniquego computeconserative boundson the 15t and
the 2" orderVoronoi regions. The distancefunction to eachsite
is computedbn the pixelsthatarecontainedwithin its conserative
\oronoiregion.

Our goalis to ef ciently derive a tight upperboundon the 15t and
the 29 order Voronoi regions for eachsite. We computethese
boundsby determiningthe closestsite (and closest2 sites)along
eachprincipledirection(+ X, X,+Y, Y). Wecomputehebounds
using a quadtree,which subdvides the domain. Eachnodein
the quadtreecontainsthe numberof sitescontainedn the subtree
rootedatthenode.Usingthis quadtreave canef ciently determine
the setof nearesheighborgor eachsite.

The quadtreeis constructedas follows. Eachleaf nodescontains
the numberof sitescontainedwithin the node.Let d bethe sizeof

aleaf node. Eachintermediatenodecontainsthe numberof sites
containedin eachof its 4 children. Let the function E(l) com-
pute the closestnon-emptyleaf nodeto the right of nodel in the
quadtree Similarly, W(I) andN(l), 1), respectrely, returnclos-
estleaf nodesto the left, top and bottom of nodel. To compute
the boundalong+ X for the 15t order Voronoi region of a site pj,

we rst identify the leaf nodel; that containsthe centroidof the
site p(pi). Next we computethe closestleaf nodesE(l;), W(l;),

N(l;) and §(l;). Finally we computethe bisectorsof the pairs of

nodesE(li); K1) andW(l;); XI;). Thentheboundonthe rst order
Voronoi region along X axisis given by the intersectionof these
two bisectors. Similarly, the boundsalongY-axis are computed,
andthe rst orderVoronoiregion of site p; is boundedby a quad
coveringthesebounds.In addition,for a leaf nodel;, we storethe
locationsof its closesineighbor<E(l;), W(l;), N(l;) and<(l;).

We computethe boundson all the 2" order Voronoi regions of
site p; in the secondpassasfollows. Along + X axis, we check
the numberof sitesstoredin the closesthodeE(l;). If the number
of sitesin nodeE(l;) is 2 or more, thenthe boundalong + X is
DX* = d(lj;E(lj)) + 2d. If numberof sitesin nodeE(l;) is less
than2, thenwe lookupthe nodeE(E(l;)) (this hasbeencomputed
in the 15! pass) andtheboundalong+ X isDX* = d(I'; E(E(l;))) +
2d. Similarly we computeboundsalong X;+Y and Y axesand
computethe distanceunctionof site p; in aquadthatcoversthese
bounds.

To computethe boundsfor a higherorder site (a line sggmentor
acorvex polygon),we storethe positionof the centroidof the site
in the quadtree.We computethe distanceboundsfor the centroid
usingthe quadtreeandaddthe distanceébetweerthe centroidanda
vertex to computethe distanceboundsfor thesite.

5.2 Undersampling Errors

Computatiorof the Voronoigraphon a uniform grid may resultin
undersamplingrrors,which mayleadto the Voronoiregionsto be-
comedisconnected33],andthe computeddiscreteVoronoi graph
may have mary small disjoint componentg§16]. As a result, for
comple ervironmentswith alargenumberof sites thecombinato-
rial complity of the MaNG becomewery high.

We addressheissueof undersamplingor motion planning,by re-

ducingthe combinatorialcompleity of the MaNG without chang-
ing its connectiity. We reducethe compleity by appropriately
modifyingthe MaNG nearundersampledreasWe rely onthefact

that whentwo Voronoi edgesare arbitrarily close,thenthe agent
might follow eitheredge,aslong asthe pathconnectvity doesnot

change Suchedgesanberemovedfrom theMaNG providedtheir

removal doesnot changethe connectity of the MaNG.

We presenthedetailsof ouralgorithmfor reducingthe compleity

of MaNG. We treatan edgewith an adjacentedgelessthanone
pixel away asacandidatdor removal. Suchedgesareexactlythose
edgeghatbounda discreteVoronoiregion of width 1 pixel. Thus
thetestfor eliminatingsuchedgess equivalentto remaoving certain
pixels from a discreteVoronoiregion, which doesnot changethe



connectvity of theVoronoigraph.Henceour testfor removal of a
pixel from a discreteVoronoiregion relieson alocal 3 3 stencil
arounda pixel. Let py bethe governorof apixel (i; j), andthe set
a denotethe governor setof the 4 adjacentpixels (i 1;j); (i +

L1j);G;j 1;(;j+ 1). Thenthe pixel (i;j) canbe removed if

eitherof thefollowing conditionsholds(seeFigureC.5):

1. pa 2 a. Thensite p; hasanisolateddiscreteVoronoiregion
atpixel (i; j), with 4 Voronoiedgessurroundingt. Remaal
of this Voronoiregion doesnot changethe pathconnecwity
in the stencil.

2. pa2 a andpy occursin a exactly once.Thenthe pixel (i; j)
representanendpoint of a discreteVoronoiregion of site pa
andits removal doesnot changethe pathconnectwity in the
stencil.

After a pixel (i; j) satis esthe criteria for removal, we assignit

to anotherdiscreteVoronoi region to maintainthe connectvity of

Voronoiedges.The pixel is assignedo a sitein a nf pag with the
minimumdistanceo pixel (i; j). Thedistanceof asitein a to pixel

(i; J) canbeef ciently computedy relyingonthefactthatdistance
vectorsarebi-linearlyinterpolated32]. Thusdistancecomputation
involvesa vector summationwith a basisvectorandvectornorm

computation.

The operationperformedat eachpixel is areadfollowedby a con-
ditional write, andthe outputof one pixel may affect the connec-
tivity of adjacenpixels. Thusanef cient parallelalgorithmis not
feasible,andwe performa sequentiakcanof the discreteVoronoi
diagramto updatethe Voronoigraph.

5.3 Graph Construction

We now presenbur algorithmto computethe MaNG. We compute
the 15t orderVoronoi diagramVD1(P) andthe 2" nearesneigh-

bor diagramon the GPU, andre ne the connectvity information

basedon the algorithmdescribedn Section5.2. We thenperform

sequentiatracingof verticesandedgeso computethe 2" nearest
neighborgraph[15].

We usetheresultpresentedh Lemmal to classifytheedgesn the
2" hearesheighborgraph,NG2(P). An edgeis classi ed asbe-
longingto the 15! orderVoronoigraphif thedistanceto closestsite
for all pixelson the edgeis identicalin VGL(P) andNG2(P). Due
to pixel resolutionerrors wetreattwo distancevaluesasidenticalif
they arewithin onepixel width of eachother Eachedgeis assigned
aweightproportionalto its lengthandinverselyproportionalto the
minimal clearancalongthe edge. An edgebelongingto VG1(P)
is labeledred, andtheremainingedgesarelabeledblack. A vertex
is labeledredif it hasat-leasbnerededgeincidentonit, otherwise
it is labeledblack. Thesecolorsareusedby Algorithm 1 to search
for anoptimalpath.

6 |IMPLEMENTATION AND RESULTS

In this sectionwe describethe implementatiorof our multi agent
planningalgorithm and highlight its applicationto variousmulti-
agentsimulations.

6.1 Implementation

We have implementedur algorithmon a PCrunningWindows XP
operatingsystemwith an AMD Opteron280 CPU, 2GB memory
andanNVIDIA 7900GPU.We usedOpenGLasthegraphicsAPI
and Cg languagefor implementingthe fragmentprograms. The
discreteVoronoidiagramanddistanceeld arecomputedat 32-bit
oating point precisionusing oating point buffers. The Voronoi

diagramis storedin the red channel,andthe distanceeld in the
depthbuffer. We usestencilteststo disable2™ orderVoronoi di-

agramcomputationin the 15! order Voronoi regions of the obsta-
cles.In the rst passthestencilmaskis setfor all pixelsin the 15t

orderVoronoiregions of the agents. In the secondpass,distance
functionsare evaluatedat pixels with stencilmaskset. This opti-

mizationspeedsip bothdiscreteVoronoidiagramcomputatiorand
MaNG construction.We performreadbaclof the discreteVoronoi

diagramsand constructthe MaNG on the CPU. The optimal path
is computedusingan A searchwith Euclideandistancemetricto

guidethesearch.

We usea completequadtreefor Voronoi region culling described
in Section5.1. The depthof the quadtreds setsuchthatoneleaf

nodecorrespondso a block of 32 32 pixels. We needto deter

mineif a nodecontainsup to 2 sites- hencethe numberof sites
pernodeis encodedn 1 byte. By usinga completequadtreethe

nodeaddressesanbe ef ciently computedusingbit shifts, avoid-

ing pointeraddressing.

6.2 Demos

We describewo multi-agentsimulations demonstratinghe effec-
tivenessof the MaNG for real-timepathplanning. The rst sim-
ulationinvolvesa coverageproblem,while the secondoneis of a
crowd simulation.

Fruit StealingGame: The rst simulationis of fruit stealingin a
denseorchard(seeFigure C.1). Thereareseveral agents(thieves)
which attemptto stealthe fruit on the trees.The ervironmentalso
containssomeold farmerswho chasethe thieves. As the thieves
move throughthe orchard,they stealfruit in closeproximity. The
goalis for eachthief to move towardsdenserregionsof fruit while
avoidingthefarmersthetreesandotherthieves. Thethieves,farm-
ers and treesare treatedas cylindrical sites. The treesare x ed
obstaclesfarmersare dynamic obstaclesand the thieves are the
agents.A coarsedensitymapis usedto track the densityof fruit
remainingin the orchard. Treeswith desirablefruit are assigned
higherdensity Theagentsareinitially spreacheartheboundaryof
theorchardandthegoalpositionis setto a distanthigh densityre-
gion. Thegoalpositionfor eachagentis alsodynamicallyupdated
asthedensityof the currentgoaldropsbelow a certainthreshold.

Theglobalpathof eachagentis computedusingthe approactpre-
sentedn Algorithm 1. We computethe proximity to nearessitefor
eachagentfrom the 2" nearesheighbordiagramwhichis usedin
a potentialplannerfor local planning. Finally, we alsousethe 2"
orderVoronoidiagramto computethe closestagent(thief) for each
farmer Thisis setasthegoalfor eachfarmerandthefarmermaoves
directly towardsthis agent. The farmersdo not usethe MaNG for
pathplanning,however they usethe potentialandrepulsve forces
to stay clear of otherfarmersandtrees. A thief is eliminatedif
caughtby afarmer Henceit is desirablefor eachthief to compute
shortespathsof maximalclearancdrom thefarmergdynamicob-
staclesjandotherthieves(agents)n orderto collectthe mostfruit.

Crowd Simulation: We simulatea crowd of peoplemoving in an
urbanervironmentwith dynamicobstaclegFigureC.3). We sim-
ulateonly theindividual behaior andnot the groupbehaior. The
setof sitesconsistsof buildings, carsand humans. The humans
enterthe scenefrom oneof the buildings andexit throughanother
building or the sidevalks. Eachhumanis anindividual agentwith
an independengoal. The carsare dynamicobstacleswhile the
buildings, benchesfountainsare static obstacles.Similar to fruit
picking, the proximity informationfor local planningis computed
usingthe 2 order Voronoi diagram. The total force appliedon
eachagentis a sumof an attractive force to move it towardsthe
intermediategoal computeddy theMaNG, andtherepulsive forces



from the nearesneighbors.For goalsin closeproximity, only the
local potential eld planneris useddisregardingthe MaNG.

6.3 Results

We now highlight the performanceof our algorithmin comple
dynamicervironments. Our approachcan performreal-timepath
planningfor eachagentin ervironmentsup to 200 agentswith dif-
ferentdestinationsat theratesof 5 to 20 fps. ThediscreteVoronoi
diagramsarecomputedon grid of resolutionlK 1K pixels. The
fruit stealingsimulation has 64 treeswith a varying numberof
thievesandfarmers.The cronvd simulationhas15 staticobstacles
andbetween2 and5 moving cars,with a varying numberof hu-
mans. The performanceof our approachwith atiming breakupis
presentedh Tablel.

Demo | Agents Graph Time(ms)

jVj JEj DVD | MaNG | Plan | Total
Crowd 10 206 1051 7 20 0:23 52
Crowd 25 330 1949 9 22 0:8 57
Crowd 50 560 3500 10 36 2:.0 73
Crowd 100 946 7058 15 65 5:6 110
Crowd 200 1927 | 14669 20 150 18 213
Fruit 10 565 2282 8 25 1.0 59
Fruit 100 1378 | 6099 15 70 20 130

Table 1: Performanceof multi-agent path planningalgorithm (av-
erage over all frames):jVj andjEj denotenumberof verticesand
edgesin theMaNG.DVD = Timeto computethe 2™ order discrete
\VoronoidiagramontheGPU, andremwingundesampledegions.
MaNG = Time to extract the MaNG from the discrete Voronoi di-
agram. Plan = time for path planning for all agents. Time for
readba& of discreteVoronoidiagramanddepthbuffersat 1K~ 1K
resolution= 25ms.

7 ANALYSIS AND COMPARISON

In this section,we analyzethe performanceof our algorithm. We
highlight its computationatompleity and compareit with other
approachefor multi-agentpathplanning.

7.1 Analysis

Letthenumberof sitesben, andthesizeof thegrid usedto compute
thediscreteVoronoidiagramsem m. We assuméhe numberof
agentgP4j = O(n). We now presenthe time compleity of each
stagein our algorithm.

The costof computingthe 15t and 2™ order discreteVoronoi dia-
gramsis asfollows. Thesizeof thequadtreas O(( 3%)2), anddepth
= O(logm). Thenthe costof computingthe boundsfor eachsite
(seeSection5.1) is O(logm). The costof rasterizingthe distance
functionfor asite p; is O(rjVor(pijP)j), wherejVork( pijP)j is the
numberof pixelsin the Voronoiregion of p; andr dependsn the
tightnessof the computedVoronoi region bounds,1 < r < O(n).
Typically, we have obsered r = O(1). Then the costof com-
puting the Voronoi diagramis O(nlogm+ SL l(eror“( piiP)j)) =
O(rm?+ nlogm).

The costof readingbackthe frametuffersis O(m?). The costof
extractingthe MaNG is O(jEj), wherejEj is numberof edgesin
MaNG.Fromlemma2, thenumberof edgesn MaNG,jEj jELj+
iE?j, wherejEXj is numberof edgess VDK¥(P), andjEKj = O(kn)
[9]. Thuscostof extractingthe MaNG is O(n). The costof path

planningusingA is typically polynomialin O(jEj + jVj). There-
fore costof computingall pathsis O(n(jEj + jVj)) = O(n?). In prac-
tice,asshavn by Tablel theassociatedonstantvith pathplanning
is muchsmallerandthe bottleneckis the discreteVoronoidiagram
computatiorandgraphconstruction.

7.2 Comparisons

Next we provide qualitative comparisonsf ourapproactwith prior
methoddor multi-agentplanning.

Comparisonwith 15t order Voronoi diagram: Ourapproactpro-
vides a global solutionfor path planningof eachagentusingthe
MaNG. TheMaNG computesaroadmapmf maximalclearanceol-

lision freepathsfor eachagentin O(1) passesascomparedo O(n)

passedor computingO(n) VoronoiroadmapsIn particular using
the 2"d orderVoronoi graphfor path planningguaranteeshat the
positionselectedasthe rst intermediategoal alongthe computed
pathis unique.This preventsadjacentagentsrom moving towards
the sameintermediategoal and getting stuckin a local minimum
of the potentialfunction. An exampleis presentedn Figure C.6.

In this example,adjaceniagentsselectthe sameintermediategoal
from 15t order Voronoi diagram, whereasthe intermediategoals
from the 2" order Voronoi diagramare unique. In addition, the
pathcomputechasmaximalclearance More speci cally, vertices
on the Voronoidiagramareusedto computethe areaof maximum
coveragefor anew site[1]. Henceby following theverticesonthe
MaNG, our planningapproactensurestmaximumcoverageregion

for eachagent.

The closestrelatedwork by Pettreet al. [27] computesan initial
roadmapof a staticervironmentusingVoronoidiagramsandcon-
structsa setof homotopicpathsfor a group of agents.This work
implicitly groupsagentsby their origins andgoals. Furthermore,
local collision avoidanceis not guaranteed.In contrastour algo-
rithm is able to handledynamicernvironmentsas the roadmapis
updatedin real-time, and the useof 2" order Voronoi diagrams
provides pairwiseproximity informationwhich is usedto guaran-
teecollision avoidance.

Thework on continuumcrowds[36] computesa dynamicpotential

eld andupdateghe positionof eachagentby moving alongthe
gradientof the potentialfunction. The potential eld is computed
for asmallnumberof groupsof agentsmoving with commongoals.
However, dueto the useof a potentialfunctionthe agentamay get
stuckin alocal minimum. In contrast,our approachallows for an
independengoalfor eachagent.

In comparisoro agentbasednethodspur MaNG basedathplan-
ning algorithm provides global paths,and may be combinedwith
rule-basedechniquedo simulatemorecomplex andrealisticagent
behaior.

7.3 Limitations

Therearesomelimitationsof our work. We computethe MaNG in
the workspacehencethe approachdoesnot scalewell for agents
with mary degreesof freedom(e.g. snales). We useanA graph
searchalgorithm,which may not be optimal. Finally, we compute
an optimal pathfor eachframe, however thereis no guaranteen
coherencef pathsacrosframes,or on corvergenceover a period
of time. In fact,the optimal pathsacrosswo time stepsmaynotbe
coherentpotentiallyresultingin noisy motions.



8 CONCLUSIONS AND FUTURE WORK

We have presented novel approacHor real-timepathplanningof
multiple virtual agent,basedon a new datastructure- the Multi-
agentNavigationGraph(MaNG). TheMaNG is usedto simultane-
ously computethe pathsof maximalclearancdor a setof moving
agentswith independengoals. The MaNG is constructedlynam-
ically usingdiscreteVoronoi diagrams.We alsopresentedtulling
techniquedor acceleratinghe discreteVoronoidiagramcomputa-
tion andaddressedndersamplingssuesdueto discretization.We
have demonstratetheapplicationof ourapproactio realtime sim-
ulationinvolving a large numberof independenagents gachwith
anindividual goal.

Therearesereral avenuedfor future work. Onerelevantavenueis
to constrairthe graphsearchto computetemporallycoherenpaths
whichareguaranteetb corvergeto the nal goal. Wewouldliketo
exploit coherencén graphsearchwhenmary agentshave similar
goalsandinitial positions.Ef cient parallelalgorithmsfor simpli-
fying thediscreteVoronoigraphsandcomputingthe MaNG would
be usefulfor acceleratinghe computation.Finally, we would like
to extendour approactto handleagentswith high degreesof free-
dom.
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Figure C.1: Fruit stealingsimulation: A simulationof 96 fruit pickers (with yellowhair) in an orchard with 64K fruit (dark blueandpurple)
on 64 trees(browntrunks)and4 farmeis (in white shirts). Each agentmaintainsan independengoal. Left: Initial top view of the orchard.
Middle: Top view during the middle of simulationwith manyfruit collected. Right Perspectiveview of path tracesof the agentsin fruit
stealingsimulation. Theyellowcurvestracethe positionof ead agentover a range of time steps.Thetracedemonstateslaneformationas

theagentsmovearoundobstacles.

(b)
Figure C.2: Voronoi Diagramsand Voronoi Graphs: 8 point sitesconsistingof 3 obstaclegshownin white) and 5 agents(shownin blad).
(a) 15t order Voronoi diagram (b) 2" order Voronoi diagramof the 8 sites.Each regionis closerto oneof a pair of sitesthanto anyothersite
(c) 2" neaestneighbordiagram. Each region hasthe samesite asthe seconctlosessite (d) 2™ neaestneighborgraph. Rededgesdenote
edgesfrom 15t order Voronoi graph, black edgesare edgesfrom 2" order Voronoi graph (e) the Multi-agent NavigationGraph (MaNG) for

the5 agents,which is a subsebf the 2 neaestneighborgraph.

Figure C.3: CrowdSimulation: Two scenesf a crowdsimulationwith agentsmoving
betweerbuildings and the sidevalks. The cars representdynamicobstacles.Our
MaNG basedalgorithmcanperformpathplanningon 200agents,eac with distinct

goals,at 5 framesper second.

@ ® ©
Figure C.5: DiscreteVoronoiregion shrinkingfor undersampling
errors: A3 3 pixel neighborhoodf a discrete Voronoi diagram.
ThediscreteMaNG is shownin thick orange lines. (a) Thegreen
discreteVoronoi region is disconnected(b) Thecenterpixel may
be assignedo an adjacentVoronoi region reducingcompleity of
the MaNG, without changingits connectivity(c) Reassigninghe
centerpixelwill change connectivityof theMaNG.

(d) (e

Figure C.4: Multi-Agent Path Planning using
the MaNG. The MaNG is augmentedvith green
edges connectingthe start position (blue dot) to
the goal position (orange dot). The computed
shortestpath for one agent is shownwith blue
edees.

Figure C.6: Comparisonof 15! order Voronoi graph and MaNG:
4 agents,with goalsin oppositecorness. Left: Intermediategoals
computedrom 15t order Voronoi graph. Pairs of agentsmove to-
wards samegoal. Right: Intermediategoals from MaNG. Each
agenthasa uniqueintermediategoal.



