
Supplementary Material: Implicit Formulation for SPH-based

Viscous Fluids

1 Derivation of Implicit Formulation for the Full Form

We show the derivation of our implicit formulation for the full form of viscosity. From the Navier-Stokes
equations, we extract the following equations for viscosity:

ui = u∗
i +

∆t

ρi
∇ · si, (1)

si = µi

(
∇ui + (∇ui)

T
)
, (2)

where ui = [ui, vi, wi]
T denotes second intermidiate velocity of particle i, u∗

i first intermediate velocity,
∆t time step, ρi density, si intermediate viscous stress tensor, and µi dynamic viscosity. Using an SPH
formulation for divergence of tensor, we obtain

∇ · si = mρi
∑
j

(
si
ρ2i

+
sj
ρ2j

)
∇Wij , (3)

and then, by substituting Eq. (3) into Eq. (1), we obtain

ui = u∗
i +m∆t

∑
j

(
si
ρ2i

+
sj
ρ2j

)
∇Wij . (4)

With Eqs. (4) and (2), we can derive

ui = u∗
i +m∆t

∑
j

(
µi

ρ2i

(
∇ui + (∇ui)

T
)

+
µj

ρ2j

(
∇uj + (∇uj)

T
))
∇Wij , (5)

and we obtain the following equation by arranging the terms in Eq. (5):

ui +m∆t
∑
j

(
µi

ρ2i

(
−∇ui − (∇ui)

T
)

+
µj

ρ2j

(
−∇uj − (∇uj)

T
))
∇Wij = u∗

i . (6)

We can rewrite Eq. (6) as

ui + m̂
∑
j

(µ̂iQij + µ̂jQjk)∇Wij = u∗
i , (7)

m̂ = m∆t,

µ̂i =
µi

ρ2i
,

Qij = −∇ui − (∇ui)
T .
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Since we can estimate Jacobian of velocity ∇ui using an SPH formulation as

∇ui =
∑
j

Vj(uj − ui)∇WT
ij

=
∑
j

Vj

 uj − ui
vj − vi
wj − wi

 [ ∇Wij,x ∇Wij,y ∇Wij,z

]

=
∑
j

Vj

 (uj − ui)∇Wij,x (uj − ui)∇Wij,y (uj − ui)∇Wij,z

(vj − vi)∇Wij,x (vj − vi)∇Wij,y (vj − vi)∇Wij,z

(wj − wi)∇Wij,x (wj − wi)∇Wij,y (wj − wi)∇Wij,z


=

∑
j

 ujiaij,x ujiaij,y ujiaij,z
vjiaij,x vjiaij,y vjiaij,z
wjiaij,x wjiaij,y wjiaij,z

 ,
where Vi denotes volume, Wij = [Wij,x,Wij,y,Wij,z]T kernel, uij = ui−uj , vij = vi− vj , wij = wi−wj , and
aij = [aij,x, aij,y, aij,z]T = [Vj∇Wij,x, Vj∇Wij,y, Vj∇Wij,z]T , and transposed Jacobian of velocity (∇ui)

T can
be written as

(∇ui)
T =

∑
j

 ujiaij,x vjiaij,x wjiaij,x
ujiaij,y vjiaij,y wjiaij,y
ujiaij,z vjiaij,z wjiaij,z

 ,
we obtain

Qij = −∇ui − (∇ui)
T =

 2
∑

j aij,xuij qij,xy qij,xz
qij,xy 2

∑
j aij,yvij qij,yz

qij,xz qij,yz 2
∑

j aij,zwij

 , (8)

qij,xy =
∑
j

(aij,yuij + aij,xvij) , qij,xz =
∑
j

(aij,zuij + aij,xwij) ,

qij,yz =
∑
j

(aij,zvij + aij,ywij) .

By substituting Eq. (8) into Eq. (7), we obtain an implicit formulation for x component of ui, ui:

ui + m̂
∑
j

(
µ̂i

(
2∇Wij,x

∑
j

aij,xuij +∇Wij,y

∑
j

(aij,yuij + aij,xvij) +∇Wij,z

∑
j

(aij,zuij + aij,xwij)
)

+

µ̂j

(
2∇Wij,x

∑
k

ajk,xujk +∇Wij,y

∑
k

(ajk,yujk + ajk,xvjk) +∇Wij,z

∑
k

(ajk,zujk + ajk,xwjk)
))

= u∗i . (9)
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Next, to extract coefficients, we separate the terms in Eq. (9) as

ui + m̂
∑
j

(
µ̂i

(
2∇Wij,x(

∑
j

aij,xui −
∑
j

aij,xuj) +

∇Wij,y(
∑
j

aij,yui −
∑
j

aij,yuj +
∑
j

aij,xvi −
∑
j

aij,xvj) +

∇Wij,z(
∑
j

aij,zui −
∑
j

aij,zuj +
∑
j

aij,xwi −
∑
j

aij,xwj)
)

+

µ̂j

(
2∇Wij,x(

∑
k

ajk,xuj −
∑
k

ajk,xuk) +

∇Wij,y(
∑
k

ajk,yuj −
∑
k

ajk,yuk +
∑
k

ajk,xvj −
∑
k

ajk,xvk) +

∇Wij,z(
∑
k

ajk,zuj −
∑
k

ajk,zuk +
∑
k

ajk,xwj −
∑
k

ajk,xwk)
))

= u∗i . (10)

Since ui, vi, and wi are constant when we compute
∑

j aij,x,
∑

j aij,y, and
∑

j aij,z, we can rewrite Eq. (10)
with αij,x =

∑
j aij,x, αij,y =

∑
j aij,y, and αij,z =

∑
j aij,z as

ui + m̂
∑
j

(
µ̂i

(
2∇Wij,x(αij,xui −

∑
j

aij,xuj) +

∇Wij,y(αij,yui −
∑
j

aij,yuj + αij,xvi −
∑
j

aij,xvj) +

∇Wij,z(αij,zui −
∑
j

aij,zuj + αij,xwi −
∑
j

aij,xwj)
)

+

µ̂j

(
2∇Wij,x(αjk,xuj −

∑
k

ajk,xuk) +

∇Wij,y(αjk,yuj −
∑
k

ajk,yuk + αjk,xvj −
∑
k

ajk,xvk) +

∇Wij,z(αjk,zuj −
∑
k

ajk,zuk + αjk,xwj −
∑
k

ajk,xwk)
))

= u∗i . (11)

Using the distributive law for ∇Wij,x,∇Wij,y, and ∇Wij,z we further separate the terms in Eq. (11):

ui + m̂
∑
j

(
µ̂i

(
2∇Wij,xαij,xui − 2∇Wij,x

∑
j

aij,xuj +

∇Wij,yαij,yui −∇Wij,y

∑
j

aij,yuj +∇Wij,yαij,xvi −∇Wij,y

∑
j

aij,xvj +

∇Wij,zαij,zui −∇Wij,z

∑
j

aij,zuj +∇Wij,zαij,xwi −∇Wij,z

∑
j

aij,xwj

)
+

µ̂j

(
2∇Wij,xαjk,xuj − 2∇Wij,x

∑
k

ajk,xuk) +

∇Wij,yαjk,yuj −∇Wij,y

∑
k

ajk,yuk +∇Wij,yαjk,xvj −∇Wij,y

∑
k

ajk,xvk +

∇Wij,zαjk,zuj −∇Wij,z

∑
k

ajk,zuk +∇Wij,zαjk,xwj −∇Wij,z

∑
k

ajk,xwk

))
= u∗i . (12)
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Since µi is constant when we scan particle j, we rewrite Eq. (12) as

ui + m̂µ̂i

∑
j

(
2∇Wij,xαij,xui − 2∇Wij,x

∑
j

aij,xuj +

∇Wij,yαij,yui −∇Wij,y

∑
j

aij,yuj +∇Wij,yαij,xvi −∇Wij,y

∑
j

aij,xvj +

∇Wij,zαij,zui −∇Wij,z

∑
j

aij,zuj +∇Wij,zαij,xwi −∇Wij,z

∑
j

aij,xwj

)
+

m̂
∑
j

µ̂j

(
2∇Wij,xαjk,xuj − 2∇Wij,x

∑
k

ajk,xuk +

∇Wij,yαjk,yuj −∇Wij,y

∑
k

ajk,yuk +∇Wij,yαjk,xvj −∇Wij,y

∑
k

ajk,xvk +

∇Wij,zαjk,zuj −∇Wij,z

∑
k

ajk,zuk +∇Wij,zαjk,xwj −∇Wij,z

∑
k

ajk,xwk

)
= u∗i . (13)

Then, we further decompose Eq. (13), noting that when we scan particle j, αij is constant, and αjk is not
constant:

ui + 2m̂µ̂iαij,xui
∑
j

∇Wij,x − 2m̂µ̂i

∑
j

∇Wij,x

∑
j

aij,xuj +

m̂µ̂iαij,yui
∑
j

∇Wij,y − m̂µ̂i

∑
j

∇Wij,y

∑
j

aij,yuj + m̂µ̂iαij,xvi
∑
j

∇Wij,y − m̂µ̂i

∑
j

∇Wij,y

∑
j

aij,xvj +

m̂µ̂iαij,zui
∑
j

∇Wij,z − m̂µ̂i

∑
j

∇Wij,z

∑
j

aij,zuj + m̂µ̂iαij,xwi

∑
j

∇Wij,z − m̂µ̂i

∑
j

∇Wij,z

∑
j

aij,xwj +

2m̂
∑
j

µ̂j∇Wij,xαjk,xuj − 2m̂
∑
j

µ̂j∇Wij,x

∑
k

ajk,xuk +

m̂
∑
j

µ̂j∇Wij,yαjk,yuj − m̂
∑
j

µ̂j∇Wij,y

∑
k

ajk,yuk + m̂
∑
j

µ̂j∇Wij,yαjk,xvj − m̂
∑
j

µ̂j∇Wij,y

∑
k

ajk,xvk +

m̂
∑
j

µ̂j∇Wij,zαjk,zuj − m̂
∑
j

µ̂j∇Wij,z

∑
k

ajk,zuk + m̂
∑
j

µ̂j∇Wij,zαjk,xwj − m̂
∑
j

µ̂j∇Wij,z

∑
k

ajk,xwk = u∗i . (14)

With ωij,x =
∑

j ∇Wij,x, ωij,y =
∑

j ∇Wij,y, and ωij,z =
∑

j ∇Wij,z, we can rewrite Eq. (14):

ui + 2m̂µ̂iωij,xαij,xui − 2m̂µ̂iωij,x

∑
j

aij,xuj +

m̂µ̂iωij,yαij,yui − m̂µ̂iωij,y

∑
j

aij,yuj + m̂µ̂iωij,yαij,xvi − m̂µ̂iωij,y

∑
j

aij,xvj +

m̂µ̂iωij,zαij,zui − m̂µ̂iωij,z

∑
j

aij,zuj + m̂µ̂iωij,zαij,xwi − m̂µ̂iωij,z

∑
j

aij,xwj +

2m̂
∑
j

µ̂j∇Wij,xαjk,xuj − 2m̂
∑
j

µ̂j∇Wij,x

∑
k

ajk,xuk +

m̂
∑
j

µ̂j∇Wij,yαjk,yuj − m̂
∑
j

µ̂j∇Wij,y

∑
k

ajk,yuk + m̂
∑
j

µ̂j∇Wij,yαjk,xvj − m̂
∑
j

µ̂j∇Wij,y

∑
k

ajk,xvk +

m̂
∑
j

µ̂j∇Wij,zαjk,zuj − m̂
∑
j

µ̂j∇Wij,z

∑
k

ajk,zuk + m̂
∑
j

µ̂j∇Wij,zαjk,xwj − m̂
∑
j

µ̂j∇Wij,z

∑
k

ajk,xwk = u∗i . (15)
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By grouping the terms in Eq. (15) with respect to ui, vi, wi, uj , vj , wj , uk, vk, and wk, we obtain

(1 + m̂µ̂i(2ωij,xαij,x + ωij,yαij,y + ωij,zαij,z))ui +

m̂µ̂iωij,yαij,xvi +

m̂µ̂iωij,zαij,xwi +

m̂µ̂i(−2ωij,x

∑
j

aij,xuj − ωij,y

∑
j

aij,yuj − ωij,z

∑
j

aij,zuj) +

m̂
∑
j

µ̂j(2∇Wij,xαjk,x +∇Wij,yαjk,y∇Wij,zαjk,z)uj +

m̂µ̂i(−ωij,y

∑
j

aij,xvj) + m̂
∑
j

µ̂j∇Wij,yαjk,xvj +

m̂µ̂i(−ωij,z

∑
j

aij,xwj) + m̂
∑
j

µ̂j∇Wij,zαjk,xwj +

m̂
∑
j

µ̂j(−2∇Wij,x

∑
k

ajk,xuk −∇Wij,y

∑
k

ajk,yuk −∇Wij,z

∑
k

ajk,zuk) +

−m̂
∑
j

µ̂j∇Wij,y

∑
k

ajk,xvk +

−m̂
∑
j

µ̂j∇Wij,z

∑
k

ajk,xwk = u∗i . (16)

Then, we further convert Eq. (16) into the following equation with coefficients
cuiui

, cviui
, cwiui

, cujui
, cvjui

, cwjui
, cukui

, cvkui
, and cwkui

: cuiui

cviui

cwiui

T  ui
vi
wi

+
∑
j

 cujui

cvjui

cwjui

T  uj
vj
wj

+
∑
k

 cukui

cvkui

cwkui

T  uk
vk
wk

 = u∗i , (17)

cuiui
= 1 + m̂µ̂i (2ωij,xαij,x + ωij,yαij,y + ωij,zαij,z) ,

cviui
= m̂µ̂iωij,yαij,x,

cwiui
= m̂µ̂iωij,zαij,x,

cujui = m̂
(
−µ̂i(2aij,xωij,x + aij,yωij,y + aij,zωij,z) +

µ̂j(2∇Wij,xαjk,x +∇Wij,yαjk,y +∇Wij,zαjk,z)
)
,

cvjui
= m̂ (−µ̂iaij,xωij,y + µ̂j∇Wij,yαjk,x) ,

cwjui
= m̂ (−µ̂iaij,xωij,z + µ̂j∇Wij,zαjk,x) ,

cukui = −m̂
∑
j

µ̂j(2∇Wij,xajk,x +∇Wij,yajk,y +∇Wij,zajk,z),

cvkui
= −m̂

∑
j

µ̂j∇Wij,yajk,x,

cwkui
= −m̂

∑
j

µ̂j∇Wij,zajk,x.

We use cuiui
to denote a coefficient of ui to ui, and cviui

a coefficient of vi to ui, and similarly define other
coefficients. Note that we convert our implicit formulation into Eq. (17) to extract coefficients, prioritizing
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clarity and simplicity, and thus Eq. (17) can be optimized by reducing the number of arithmetic operations
with computed values in the extraction loops.

Similarly, for vi, we compute coefficients cuivi , cvivi , cwivi , cujvi , cvjvi , cwjvi
, cukvi , cvkvi , and cwkvi : cuivi

cvivi
cwivi

T  ui
vi
wi

+
∑
j

 cujvi

cvjvi
cwjvi

T  uj
vj
wj

+
∑
k

 cukvi

cvkvi
cwkvi

T  uk
vk
wk

 = v∗i , (18)

cui,vi = m̂µ̂iωij,xαij,y, (19)

cvi,vi = 1 + m̂µ̂i (ωij,xαij,x + 2ωij,yαij,y + ωij,zαij,z) , (20)

czi,vi
= m̂µ̂iωij,zαij,y, (21)

cujvi = m̂ (−µ̂iaij,yωij,x + µ̂j∇Wij,xαjk,y) , (22)

cvjvi = m̂

(
−µ̂i(aij,xωij,x + 2aij,yωij,y + aij,zωij,z) +

µ̂j(∇Wij,xαjk,x + 2∇Wij,yαjk,y +∇Wij,zαjk,z)

)
, (23)

cwjvi = m̂ (−µ̂iaij,yωij,z + µ̂j∇Wij,zαjk,y) , (24)

cukvi = −m̂
∑
j

µ̂j∇Wij,xajk,y, (25)

cvkvi = −m̂
∑
j

µ̂j(∇Wij,xajk,x + 2∇Wij,yajk,y +∇Wij,zajk,z), (26)

cwkvi = −m̂
∑
j

µ̂j∇Wij,zajk,y. (27)

Similarly, for wi, we compute coefficients cuiwi
, cviwi

, cwiwi
, cujwi

, cvjwi
, cwjwi

, cukwi
, cvkwi

, and cwkwi
: cuiwi

cviwi

cwiwi

T  ui
vi
wi

+
∑
j

 cujwi

cvjwi

cwjwi

T  uj
vj
wj

+
∑
k

 cukwi

cvkwi

cwkwi

T  uk
vk
wk

 = w∗
i , (28)

cuiwi
= m̂µ̂iωij,xαij,z, (29)

cviwi
= m̂µ̂iωij,yαij,z, (30)

cwiwi
= 1 + m̂µ̂i (ωij,xαij,x + ωij,yαij,y + 2ωij,zαij,z) , (31)

cujwi = m̂ (−µ̂iaij,zωij,x + µ̂j∇Wij,xαjk,z) , (32)

cvjwi = m̂ (−µ̂iaij,zωij,y + µ̂j∇Wij,yαjk,z) , (33)

cwjwi = m̂

(
−µ̂i(aij,xωij,x + aij,yωij,y + 2aij,zωij,z) +

µ̂j(∇Wij,xαjk,x +∇Wij,yαjk,y + 2∇Wij,zαjk,z)

)
, (34)
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cukwi = −m̂
∑
j

µ̂j∇Wij,xajk,z, (35)

cvkwi = −m̂
∑
j

µ̂j∇Wij,yajk,z, (36)

cwkwi
= −m̂

∑
j

µ̂j(∇Wij,xajk,x +∇Wij,yajk,y + 2∇Wij,zajk,z). (37)
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