Supplementary Material: Implicit Formulation for SPH-based
Viscous Fluids

1 Derivation of Implicit Formulation for the Full Form

We show the derivation of our implicit formulation for the full form of viscosity. From the Navier-Stokes
equations, we extract the following equations for viscosity:

At
u,=u; +—V- s, (1)
i
S; = g (Vu1 + (VHZ)T) 5 (2)
where u; = [u;,v;,w;]T denotes second intermidiate velocity of particle 4, u} first intermediate velocity,

At time step, p; density, s; intermediate viscous stress tensor, and p; dynamic viscosity. Using an SPH
formulation for divergence of tensor, we obtain

S; S
Vesi=mp; » | =5+ -3 | VWi, (3)
7 Pi P
and then, by substituting Eq. (3) into Eq. (1), we obtain
* Si | Sj
T \Pi P
With Egs. (4) and (2), we can derive
W =ul + mAtz (’;2 (Vu; + (Vuy)") + % (Vu; + (vuj)T)> VWi, (5)
i\ J
and we obtain the following equation by arranging the terms in Eq. (5):
u; + mAtZ (M; (=Vu; — (Vu)") + 'u—; (=Vu, — (Vuj)T)> VW;; =u;. (6)
j ‘ J

We can rewrite Eq. (6) as

u; + mz (1 Qij + 15Q k) VWij = uj, (7)
J
m = mAt,
g =Y
P}’

Qij = —Vlli — (Vui)T.



Since we can estimate Jacobian of velocity Vu; using an SPH formulation as

Vui = Z Vj(llj — ul)VVVg
J
i Uj — Uq
= Z‘/] Vj — U; [ VWijJ VWij7y VWZ‘J‘7Z }
J w; — W

(Uj — ’U,i)VWij’w (Uj — UZ)VW”’y (Uj — ui)VWij,z
= D> Vi| (—v)VWie (v —v)VWiy (v —0:) VIV,
j | (wj —wi) VWije (wj —wi) VWi, (wj — wi) VWi,

UjiGije  UjiGijy  Ujilijz

VjiGij,e  VjiGijy  VjiGijz |,
J Wjiije  Wjiilijy Wjilij,z

where V; denotes volume, W;; = [Wij,z7 Wijy Wij’z]T kernel, u;; = u; — uj, vij = v; —v;, w;; = w; —wj, and
— [q.. .. 1T — . .. . .. . .. 1T 3 3 NT

a;; = [Qijzs Qijys Qij.2| = [ViVWija, V;VWij,, V;VW;; 2], and transposed Jacobian of velocity (Vu;)" can

be written as

. UjiGijn  Vjilije  Wjilije
(V) =§ WjiGijy  VjiGijy  WjiGijy |

J UjiQij,z  Vjilijz Wjilij 2
we obtain
235 ijaiy Qij,zy Qij,zz
_ T _ .. . . ..
Qij = —Vu;, — (Vu;)" = dij,zy 22;‘ Qij,yVij Qij,yz ) (8)
Qije Gijy= 235 Gij2wig

Gijay = Y (Qijytlss + a5jovig) s Gijaz = Y (@i 205 + ijawig)
J J

Gijye = P (@i, 20i5 + Qg ywis) -
J

By substituting Eq. (8) into Eq. (7), we obtain an implicit formulation for z component of u;, u;:

wi+my | <2VWU,I D aiattiy + VWi Y (@i + @i 0vig) + VW2 > (ai.ug + az‘j,zwz'j)> +
J J i J

fij (QVWij,m D aikatin + VWiiy Y (@kyujn + ajravir) + VWi 2 Y (ajk - + ajk,xwy'k)) =u;. (9)
k k k



Next, to extract coefficients, we separate the terms in Eq. (9) as
w; + 17 Z (u (QVWZ-J-@(Z 1.0t — Z aijotiy) +
Wij( Z Aig,yUi — Z Qijythy + Z QAij,zVi — Z ij.Vj)
Wij.2 Z Qg5 U — Z Qg2 U5 + Z Qi xWi — Z A,z W; )
i (ZVWW Zajk clj — Za]k alk) +

U,y Za]k yUj — Za]k yUk + Za]k U5 — Za]k ka +

*

WZJZ(Z Ajk,2Uj — Z Ak, 2 Uk + Z Ajk,z W5 — Z ajk,mwk))> =U;.
k k k k

Since u;, v;, and w; are constant when we compute Zj Qij Zj Qij,y, and Zj a;j,-, we can rewrite Eq.

With e = D75 Gijes Qijy = 305 Qijy, and . = 375 aij. as
U; +mMm E (,ui (QVWij,w(Ozij,xui — E a,‘j@-u]‘) +
J J
VWi (Qijytti = Y aijytty + Qijati = Y aijav;) +
J J

VWija(@ijetts = Y aij 20 + ijewi = ) az’j,wwj)) +
i i

fij (2VWij,x(ajk,z“j =D Gkatik) +
k

VWijy(kytt; = Y Gjkyun + 0jraty — > ajkatp) +
k k

*
VWij o (Qkaty — Y ik 2tk + 0ot — Y “jkxwk))) = .
k k

Using the distributive law for VW;; », VW, ., and VIV, . we further separate the terms in Eq. (11):

u; +m Z (ﬂi (QVWij,xaij,mui —2VWij Z QijoUj +
J J

VWij@ijatti = VWi Y @ity + VWigyigavi = VWiiy Y aijav; +
i i
VWi zijeui = VWi Y aijeuy + VWi zaijaw; — VWi ) az‘j,a:wj) +
j i
,[Lj (ZVWij_’zOéjkmej — QVWijﬁz E ajkvzuk) +
k

VWijykyu; — VWi E ik ue + VWijyopav; — VWi, E Ajk,2Vk +
k k

VWZ‘J‘}ZO(]‘&ZUJ' - VWij7z E Ak, z ULk + VWij,zajk7:ij - VWij7Z E ajk@wk)> = u:
k k

(12)



Since p; is constant when we scan particle j, we rewrite Eq. (12) as

U; + TATL,[J@ Z (2VWij’mOéij’z’LLi - QVWij’z Z aij,zuj +
J J

VWijyijyui — VWi, E Qijyty + VWi a0 — VWi § ijz0; +
j j

VWijyzOlijszi — VWij’Z E Qg2 U5 + VWij,zOéij,mwi — VWij,z E aij,zwj> +
J J

Y it (2VWisatnats = 29Wiia > ageati +
7 k

VWij ey — VWi, E ajkyur + VWij ok zv; — VWi E Ajk,aVk +
k k

VWij 2k, zuj — VWij E ajk,zuk + VWi i gw; — VWi E ajk,wwk) =u;. (13)
k k

Then, we further decompose Eq. (13), noting that when we scan particle j, c;; is constant, and «;j is not
constant:

Ui + 21505, UG Z VWi e — 2mji; Z VWi 2 Z Gij U5 +

j j j

Wity Y VWijy = 1ifs Y VWijy Y iyt + iflicijovi Y VWijy =i Y VWijy Y aij2v; +
J J J J J J

Mg 2w Y VWij o —mfie Y VWij2 > it + Mg ew; Y VWi —hji > VWij 2 > aij.w; +
J J J J J J

2m Z ﬂjVWij,wOéjk,ij —2m Z ﬂJVW””L Z Qjk,zUk +
J J k

> VWi gty — 0y VWi > kgt + 1m0 3V Wiy zv; —m Y iV Wijy Y ajrave +
j j k j j k

M VWi a2 — 00> VWi Y agezuk +100Y VW 2y awy —m Y VWi > ajkawy = .
_ _ - : , -

J J J J

With w;j» = Zj VWijzWijy = Zj VWijy, and w;j, = Zj VWi; -, we can rewrite Eq. (14):

Ui + 2M LW 2O o Ui — 2MfLiWij 0 g QijzUj +
j

TWigG,y iy Wi — TIYLWij .y E QijyUj & TYLWij,y Oij,e Vi — TYLWij E Qij,zVj +
j j

MLWij, 2 Oj 2 Ui — Wi, E Qij,2Uj + Wi 2 Qij Wi — T LWij, 2 E Qij,aWj +

J J
2m Z ﬂjVW¢j7majk7muj —2m Z ﬂjVWij,x Z Ak xUk +
J J k

Y iV Wikt — 1> VWi > aeyur +100> VWi y0kav; —m Y 1,V Wiy Y ajrave +
J j k J j k

J

o ~ A ~ S ~ S ~ *
m E ujVWij7zajk7zuj —m E /LjVWij7z E Ajk,zUk +m E /LjVWijszljk’zwj —m E NjVWij,z E Ajf,aWE = Uy -
J ] k J J k

J

(15)



By grouping the terms in Eq. (15) with respect to u;, v;, w;, u;, v, wj, uk, Vg, and wy, we obtain

(1 + vl (203,000 + Wiy i,y + Wig,2ij,2) ) Ui +
T Wi,y Cij Vi +
L W45, 2 O 2 Wi +

Ml (=2wije Y Qijatly = Wigy D Qijylly = Wigs D ij2ty) +
i i i

m Z /ij (2VWij,xajk,x + VWijyyajk,yVWij,zajk,z)uj +

J
fii(—wijy Y @ijav;) + 00> VWi o 2v; +
j 3
Mt (~wijz Y Gijaw;) + 10> fi;VWij 20 aw; +
j J

m Z /ij(—QVWij,z Z Ajk,xUk — VWij,y Z Ajk,yUk — VWijyz Z ajk,zuk) +
J k k k

—i Y VWi Y ajkavk +
j k
—1m Z VWi . Z Ajk,z Wi = Uj - (16)
F k

Then, we further convert Eq. (16) into the following equation with coefficients

Cuiuiy Cosuis Cwing s Cujuiy Coju s Cwjugs Cugugs Copug s and Cyu,:

T T T
cuiui ui CUjui u] cukui uk}
*
Coy;u; (%3 + § Coju; Uj + § Copu; Vg = Uy, (17)
Cw,u; w; J Cwju; wy k Cwpu; Wk

Cuzus = 1+ Ml (203,202 + WijyQijy + Wij,2ij,2) »
Coju; = MUiWi5,y Qg gy

Cwiu; = MPUiWi5 2 o

Cugu; = M (=15 (200 2Wij.o + Qijywijy + Gij2Wij2) +
[ 2V Wij otk 2 + VWij gty + VWij 2 2)),
Coju; = M (= fiij awijy + iy VWi g0k 2)

Cwju; = M (=035 2wij2 + 5V Wi 0k 2 )

Cuguy = =10 Y i (2VWij iz + VWij gk y + VWi 2a51.2),
j
Copu; = —1M E iV Wiy @ik,
j

Cwpu; — —M E ujVWijyzajk,x.
J

We use ¢y,y; to denote a coefficient of u; to w;, and ¢,,,, a coeflicient of v; to u;, and similarly define other
coefficients. Note that we convert our implicit formulation into Eq. (17) to extract coefficients, prioritizing



clarity and simplicity, and thus Eq. (17) can be optimized by reducing the number of arithmetic operations
with computed values in the extraction loops.
Similarly, for Vi, W€ ComPUte coefficients Cu;vis Cojvi s Cwivg s CuJ- Vi cvj Vi ij vy Curvyy Cogogy and Cuwpv;*

T T T

Cu;v; Uj Cujv; Uj Cupv, Uk
«

Coyv; vi | + E Cojv; v; |+ E Copvs v | =07, (18)
Cwjiv; W; J ij v; w; k Cwpv; W

Cugv; = MfLWij 2y (19)

ooy = 1+ Ml (WijaQije + 2wy Qijy + Wij,2055,2) 5 (20)

Caiyv, = MiWij,2Xijy, (21)

Cuyjv; =M (_Uiaij,ywij,x + ,ujVWij,xOCjk,y) s (22)

Covi = m(—ui(azj,wwz‘j,w + 2045,y Wijy + Gij.2wij,2) +

fi; (VWijoQjka + 2VWijy ey + VWij,zajk,z)>7 (23)
Cwjv; = m (_ﬂiaij,ywij,z + /:LjVWij,zajk,y) ’ (24)
Cugrs = =Y (VWi 2y, (25)
J
Corv, = =Y [ (VWi 0k e + 2V Wi y@iky + VWi 205k 2), (26)
J
Cogo, = =Y _ [1;VWij 20k . (27)
J

Slmllarly7 for Wi, We ComPUte coefficients Cuzw;y Cojw; ) Cwzw; s Cuj’wi ’ C’U]"wi’ ciji y Cugw; s Copw; s and Cwpw;*

T T T

Cuyw; Uy Cujw; U Cupw; Uk
Z "

Cviwi Ui + Cvjwi Uj + Z C’Ukwj Uk = wi ) (28)
Cw;w; Wi J Cwjw; Wy k Cwpw; Wk

Cujw; = MUiWi5 20y 2, (29)

Cojw; = MPWij,y iz, (30)

Cwswy = 1+ Ml (Wi Qije + WijyQijy + 2wij5,2045,2) (31)

Cuyuw, = 1 (= [liij,2Wije + 1V Wij e Q. 2) (32)

Coyuw; = M (—[Li04j 2 Wijy + 15V Wij Qg 2) (33)

Cwjw; = MM (_/li(aij,xwij,x + QijyWijy + 20i5,:Wij,z)

ﬂj(VWij,zOéjkvz + VWij7yOéjk,y + QVWij,zajkyz)) , (34)



Cupw; = —M E i VWij 2, -,
j

Cypw; — —M E MjVWij,yajk,za
J

Cuwgwy = =10 Y 5 (VWi 0k o + VWij gk y + 2V Wi i 2).

J



