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Abstract

We presenta hybrid path planning algorithm for rigid
and articulated bodiestranslating and rotating in a 3D
workspaceOur appoacd generatesa Voronoiroadmapn
the workspaceand combinest with “bridg es” computed
by a randomizedpath plannerwith Voronoi-biasedsam-
pling. TheVoronoi roadmapis computedrom a discrete
approximationto the generlized Voronoi diagram (GVD)
of theworkspacewhich is genematedusinggraphicshard-
ware. By this useof the GVD, portions of the path can
be generated without randomsampling substantiallyre-
ducingthe numberof randomsampleseededor the full
qguery The plannerhasbeenimplementedand testedon
a numberof bendimarks. Somepreliminary comparisons
with a randomizednotionplannerindicatethat our plan-
ner performsmore than an order of magnitudefasterin
several challengingscenarios.

1 Introduction

The problemof automatedmotion planninghasseenimpor-
tant progressin the pastdecade. The probabilistic roadmap
(PRM) approachhasbeenof particularimportance providing a
straightforvardmethodfor handlingconfiguratiorspace®f high
dimensionwith goodefficiengy [13]. In this paperwe useideas
from earliergeometricor “criticality based”’methodsto improve
theperformanc®f aPRMplannemn certainclasse®f problems.

In PRM planning,a graphcharacterizinghe topology of the
free spaceis built up by generatingobot configurationsat ran-
domand,amongthosefor which therobotis notin collision, at-
temptingto connectnearbyconfigurationaisingsomevery sim-
ple,fastplanner Themethodis probabilisticallycompletejn the
sensethat PRM plannerscan be madearbitrarily likely to find
ary solutionby allowing a suficientrunningtime. They perform
well for a wide variety of problems,but they canbe slow when
therobotmustpassthrougha narrav passagéo reachthegoal.

The earlier criticality basedmethodsrely on an explicit ge-
ometric descriptionof the configurationspaceto provide a data
structurethatcanbe searchedor a path. Criticality basedalgo-
rithmsaretypically complete:They eitherreturnacorrectpathor
anindicationthatnoneexists. In low dimensionsmary workable
algorithmsof thistypehave beenimplemented16]. For arbitrary
dimensions known algorithmsare prohibitively difficult to im-

plementandhave compleity exponentialin thedimensiorof the
C-spaceAn exampleof agenerahlgorithmis theroadmayplan-
nerbasedon Whitney's stratifiedsets[1]. For our purposespne
benefitof criticality basedmethodss thatthey arenot hindered
by narrav passages.

Main Results. We presenta hybrid pathplanningalgorithm
for free-flying rigid andarticulatedbodiestranslatingandrotat-
ing in a 3D workspace.Our approacthutilizes a global geomet-
ric analysisof theworkspacedo generatean approximatepathin
configurationspace. We then identify invalid segmentsof this
estimatedpath, for which therobotis in collision, and compute
linking subpath®or “bridges”[3] to replacetheinvalid segments.
Thesebridgesaregeneratedy a randomizedolannerwith care-
fully restrictedsampling.

Our global geometricanalysisusesa discreteapproximation
of the generalizedVoronoi diagram(GVD) of the workspace,
computedusinggraphicshardware [9]. The key distinctive fea-
turesof our approacthare:

e \We generatean estimatedpath basedon the Voronoi dia-
gram of the scene,and only userandomizedplanningfor
partsof thatpath.

e Whenwe userandomizedglanning,it is guidedby informa-
tion in theVoronoidiagram.

Ourplannerhasbeenimplementedindappliedto anumberof
benchmarksWe have alsocomparedts performancevith aone-
shotplannerin thegeneraPRMfamily developedby Hsuetal. at
Stanford[12]. Somepreliminaryresultsindicatethatour hybrid
plannerfor rigid bodiesis morethananorderof magnitudefaster
thanthe PRM planneron mary of thesebenchmarks.

Therestof the paperis organizedasfollows. In Section2 we
discusgsrelatedwork. In Section3 we introduceterminologyre-
latedto the Voronoidiagram,andin Section4 we explain our al-
gorithm. In Section5 we give implementatiordetailsandpresent
performanceesults.In Section6 we analyzethe performancef
the algorithm,andin thefinal sectionwe concludeandindicate
areasf futurework.

2 Related Work
2.1 Voronoi Diagramsin Motion Planning

Generalized/oronoidiagramshave long beenusedasa basis
for motion planningalgorithms([4, 5, 17, 23]. The GVD repre-
sentsthe connectiity of a spacebut hasa dimensionlower by
one,and(in threedimensions)t is composeaf surlacesof max-
imal clearance.



The disadwantageof usingthe GVD hasalways beenthat it
is difficult to computerobustly andefficiently. Recently several
approacheso this problemhave beenproposed. Vleugelsand
Overmars[22] give analgorithmthatappliesspatialsubdvision
and isosurfice extraction techniquego acquirean approximate
model of the diagram. Chosetand Burdick [4, 5] definea re-
latedstructurecalledthe hierarchical generlizedVoronoigraph
which they computeusingcontinuationmethods.More recently
Wilmarth, Amato,andStiller [23, 24] have shavn how pointson
the GVD canbefoundwithoutcomputingarepresentationf the
entireset. Finally, Hoff etal. [9] have introduceda methodthat
usegyraphicshardwareto generatadiscretemodelata specified
resolution.We usethis lattermethodin our work.

TheVoronoidiagramcanbe usedin severalways:

1. The Voronoi diagramof the configurationspace(or the
Voronoi graph, describedbelonr) may simply be searched
for a path,oncethe startandfinish pointshave beenlinked
to thediagram[2, 4, 5, 17]. Suchanapproachs only prac-
tical if thenumberof degreesof freedom(dof) is fairly low,
saythreeor less.

2. A pathfoundusingthe GVD of theworkspacemaybeused
to provide intermediatepointsto sene astemporaryattrac-
tive wells for a potentialfield plannerf10].

3. TheGVD of theworkspacecanbeusedto biassamplegen-
erationin arandomizecplanner8, 11, 20,23, 24].

Our planner uses method 1 above to generateits initial
workspacepath. It alsousesmethod3 whencomputinglinking
subpathsbecausesamplingis indirectly biasedby the GVD.

2.2 Randomized Planning

The PRM method [14] was developed independentlyby
Kavraki and Latombe[13] and Overmarsand Svestka[18, 19].
A PRM plannergeneratessamplesat randomin configuration
space,attemptingto connecteachsampleby a simple C-space
pathto oneof the pointsalreadyfound. Overtime, thegraphthus
producedwill tendto representhe connectiity of the C-space
reasonablyvell, anda querycanberapidly performedby linking
thesearchpointsto thegraphandthensearchinghegraph.Many
variationson this ideahave beendeveloped.We usethe one-shot
plannerof Hsu et al. [12] asa baselinefor comparisorandasa
subroutinegn ourwork. Somedetailsof its algorithmaregivenin
Sectiord 4.

3 Background and Notation

Generalized Voronoi Diagram: Let a setof geometricob-
jects,or sites bedenotedsy, ss, - . ., s,. For eachsite s;, define
adistancefunctiond;(x) = dist(s;, x). The Voronoi region of
s; isthesetV; = {x| d;(x) < d;(x) Vj # i}.

Thecollectionof regionsVi, . . ., V,, is calledthegeneanlized
Voronoi diagram or GVD, which partitionsthe spaceinto cells
suitablefor proximity queries. The (ordinary) Voronoi diagram
correspondso the casewheneachs; is anindividual point.

The boundariesf the regions V; are called Voronoi bound-
aries which areloci of pointsequidistantto at leasttwo sites.
Sometimeswe usethe term GVD to refer to the union of the
Voronoi boundariesratherthanthe collection of Voronoi cells.

Figurel: An estimategathfor therobot. Thesolid rectan-
glesindicatetheinitial andgoal configurations.Therobot
is in collision with the ervironmentasit turnsaroundthe
corner

In threedimensionsthe intersectionof two Voronoi regionsis
a Voronoi face the intersectionof multiple Voronoi facesis a
\Voronoi edge, andthe intersectionof multiple Voronoi edgesis
a Voronoi vertex. Togetherthe Voronoi edgesandverticesform
a graph,the genealized Voronoi graph (GVG). The GVD is a
deformatiorretract of theworkspacd?2] which ensureshatit re-
flectsthetopologyof theworkspace The GVG, by contrastcan
bedisconnectedvenif theworkspaces connecteds].

4 Algorithm

Our hybrid planningalgorithmcanbe outlinedasfollows.

1. Computethegeneralized/oronoigraph.

2. Searchthe GVG to find a path for a point robot in the
workspace.

3. Use shapeanalysisto chooseorientationsfor the actual
robotalongthe pointrobotpath,generatinganapproximate
pathin C-space.

4. Find all portionsof the estimatedpbathfor which the robot
is colliding with theobstaclesSeeFigurel for anexample.

5. Use Voronoi-biasedandomizedplanningto replaceeach
pathsggmentwheretherobotis colliding with the environ-
ment.

Detailsaregivenin therestof thesection.

4.1 Computingthe GVG

Our methodfor computingthe generalized/oronoi diagram
is basedon thealgorithmpresentedy Hoff etal. [9], andit uses
standardpolygon rasterizationhardware. We computethe dis-
creteVoronoi diagramin slices. For eachslice L, determined
by a given z value, and eachsite s;, thereis a real-valueddis-
tancefunction d; givenby d} (z,y) = di(z,y,2). In words,
the value of dZ(z,y) is the distancein 3-spacefrom (z,y, z)
to s;. As an example, considerthe caseof a Voronoi site s;
thatis the single point (0,0, 1), andthe slice Lo. In this case,
(2, y) = /22 +y> + L.

Thegraphof d; is asurfacefor whichwe generatatriangular
approximationcalleda distancemesh We assigneachsite s; a
uniqueidentifying color, and we renderits distancemeshd; in
that color by using a parallel projection. After all the distance
meshesarerenderedwe have, for eachpixel, the identity of the



nearessite, determinecdy the color, andthedistanceo thatsite

recordedn the depthbuffer. The algorithmreadsbackthe color

buffer andthedepthbuffer. Thedepthbuffer containghedistance
field, i.e. thedistanceo oneof thenearesbbstacleor eachpixel

in theslice.

In our discreterepresentatiorof the GVD, we regard the
Voronoi boundariesaslying betweemeighboringpixels. A dis-
creteVoronoi edgeconsistsof a sequencef pixel edges with
eachpixel edgeboundedby two pixels. The endpointsof pixel
edgesarepixelvertices If eachpixelis regardedasfilling asmall
solid cube thenthepixel edgesandverticesaretheedgesandver-
ticesof thecube.We computehe GVG by scanninghe3-D pixel
map,two slicesatatime, seekingpixel edgesvhoseneighboring
pixelsexhibit atleastthreedifferentcolors. We storetheresulting
locationsin anedgelist representationT he vertex datastructure
containsthe coordinatesof the point andthe clearancelistance
to the obstaclegbecausét is a Voronoivertex, the pointwill be
equidistanto atleastfour sites). Theedgedatastructurehasalist
of sampledcoordinatef pointson the edge,andthe minimum
clearancdalistancefor the whole edge. Note that all the sample
pointsarerestrictedo a uniform grid, sothatthevertex andedge
pointsdo notlie onthe actualVoronoiboundariesbut insteadon
nearbygrid points.

As we constructthe diagram, we constructa list for each
Voronoi site recordingall the Voronoiverticesto which that site
is anearesheighbor Whena Voronoivertex is found,its nearest
neighborsaredeterminedy thecolorsin theadjacenpixels,and
it is addedo thelists for thosesites.

4.2 Generating a Path in the Workspace

After generatingthe GVG, we useit to find an approxi-
mate pathin the workspacefor the robot to follow, called the
workspacepath Definea queryconfiguation to be aninitial or
goal configuration,and a query location to be the projectionto
R? of aqueryconfiguration. Thenthe workspacepathlinks the
initial andgoalquerylocations.

Before we can searchthe GVG for a path, we needto link
thequerylocationsto the GVG. To link aquerylocation,we first
determinethe Voronoi cell containingit. We thencomputeline
segmentsfrom the querylocationto eachVoronoi vertex of the
cell, andeliminateary sggmentsthatpassthroughobstacles.

We addthe querylocationsandtheir linking line sggmentsto
the GVG datastructureas (formal) Voronoi verticesand edges.
Eachnenly addededgecontainsa list of pointsandthe value of
theminimumdistanceto the ervironment.

After linking the querylocationsto the GVG, we usea gen-
eralizedsingle-sourceshortespathsalgorithm,wherethe length
of a pathis determinedby a combinationof the Manhattandis-
tancealongthe pathandthe maximal clearanceover the whole
path. This path, the workspacepath, is a solutionto the query
for a point robot, andit satisfiesa partial criterion of maximal
clearance.

It is possiblefor the GVG to be disconnecte@ven whenthe
workspacds connected.It would be possibleto add additional
edgeso the graphto ensureproperconnectiity, usinginforma-
tion derivedfrom thefull discretéVoronoidiagram.Theresulting
graphwould be similar to the HGVG of ChosetandBurdick [5].

However, for simplicity our plannersimply usesthe PRM algo-
rithm on the querylocationswhen no workspacepathis found
usingthe GVG. In practicewe have foundsuchcasego berare.

4.3 Orienting the Robot

After finding the workspacepath, we mustchoosean orien-
tation for the robot at eachpoint on the path. To do this, we
determinea major axis for the robot, and align it with the tan-
gentvectorof the path,asdeterminedy a finite differenceesti-
mate. In this respectpr methodbearscomparisorwith methods
for “stick” or “ladder” robots,suchasthatdescribedn Choset,
Mirtich, andBurdick [6].

For acomple shapetherearemary reasonabl@efinitionsof
the“major axis’ Forourpurposeswewantanaxisaroundwhich
therobotfits astightly aspossible.To determinesuchanaxis,we
uselinearregressiorto computea best-fitline approximatinghe
verticesof the robot. This line is chosento minimize the root
meansquareof the (Euclidean)distancef the verticesto the
line. Theorigin of therobotis definedto bethe centerof gravity
of thevertices.For articulatedrobots,we definea standargpose,
andcomputethe majoraxiswith respecto thatpose.

Oncewe have determinedhow to align the specifiedmajor
axisof therobot,it is still freeto rotateaboutthataxis. Thechoice
of orientationaboutthe majoraxis(i.e., the“roll") is madearbi-
trarily. We simply make surethat, up to discreteapproximation,
theorientationvariescontinuouslyastherobottraverseghepath.

4.4 Bridging Invalid Segments

In this sectionwe explain how the estimatedathis modified
into afinal pathfor the robot. First, usinga simple straight-line
local planner we attemptto connecteachconfigurationwith its
successor Configurationsfor which the robot s colliding with
the obstaclespr which cannotbe connectedo a neighbor are
marked“invalid”.

The pathhasnow beendecomposeihto valid segments for
which the robot is free, alternatingwith invalid segments,for
which it is not. For eachinvalid segment, we apply the ran-
domizedplanner[12], with the startand goal given by the free
configurationsmmediatelybeforeandaftertheinvalid segment.
This plannermaintainstreesof free configurationsootedat the
startandfinish. At eachiteration(calledan expansioniteration),
it choosesa configurationp from oneof thetrees generatesien
configurationsin a neighborhoodf p, and retainsthosewhich
canbe linkedto p by a free path. The local plannerterminates
whenthe two treesare connected.This algorithmautomatically
biasessamplingtowardsconfigurationknown to befree.

The configurationspacefor the planneris definedto be the
tightest axis-alignedbox that containsbounding balls for the
robot at both query locations(seeFigure 2). The only degrees
of freedomthatarerestrictedn a specialway for therandomized
planningphasearethetranslationatoordinates The orientation
of therobotasawhole,aswell asjoint positionsfor anarticulated
robot,aregivenfull freedom.

It is possiblefor therobotto getinto atight spotfor which the
restrictedconfigurationspacedoesnot pravide enoughroom for
therobotto maneuer from the beginning of theinvalid segment
to theendof it. To handlesuchsituationswe usea simpleexpe-



Configuration space for
randomized sampling

Figure 2: The two dashedrectanglesndicatevalid con-
figurationsthat will be linked by randomizedplanning.
ThelargerdottedrectangléndicategherestrictedC-space
used.

dient: If, afterafixednumberof expansioniterationstheplanner
hasnotlinkedthe two endsof theinvalid segment,the planners
configurationspaceis enlagedto the full original C-spaceand
randomizedglanningis resumedIf thisis notsuccessfuafteran-
otherpredeterminediumberof iterations thenit is assumedhat
theheuristicgguidingtheinitial pathestimatehave failed,andthe
plannersimply usesthe randomizedplannerto link the original
startto the original finish. Suchcasegendto be difficult for the
randomizeglanneraswell, sothetime spentin trying to usethe
estimatedpath (from GVDs) is typically a small fraction of the
totaltime.

45 Localized Sampling

While an invalid segmentis being bridged,what was a nar
row passag®n the scaleof the entire sceneis now arelatively
openareawithin therestrictedconfiguratiorspaceseeFigure?).
However, theremay be a portion of the invalid sggmentwhich
constitutesa narrav passageven on this smallerscale. To in-
creasessamplingin thesebottleneckareasyve generateanew con-
figurationnearthe narravestpoint on the invalid segment(“nar-
rowest” beingmeasuredn termsof distancefrom Voronoisites,
i.e., the obstacles). We find the new configurationby uniform
randomsamplingin aneighborhoodf the narravestpoint.

We thenperformtwo randomizedsamplingstepsonelinking
thebeginningof theinvalid segmentto thenew configuratiomear
the narrovestpoint, andthe otherlinking the new configuration
to the endof theinvalid sggment. The new configurationactsas
a seed,causinga numberof configurationdo be generatedear
the narravestpoint onthe narrav passage.

If the Voronoi site distanceat the narravestpoint is greater
thanhalf the radiusof therobot's boundingball, thenthis opera-
tion is notperformedsincein practicewe have foundthatasingle
randomizeglanningstepworkswell in suchcases.

5 Implementation and Perfor mance

The algorithmhasbeenimplementedn C++. We usedPQP
[15] for collision detectionduring randomizedplanning, and
Magic Softwarewritten by D. Eberly to computethe major axis
of therobot.

For rigid robots, we usedseveral benchmarkscenariosde-
scribedbelon. We comparecomputationtimes using our algo-
rithm with the besttimeswe wereableto achieve usingthe ran-
domizedplanneralone.

Duct: Two openareasseparatethy a channelwith two right an-
gleturns. Therobotis anarrav box. SeeFigure3.

Walls: A seriesof six walls, four of which have small holes
throughwhich the robot, a narrav box, must pass(Fig-
ure 4). We requirethe robot to passfrom one end of the
mazeto the other throughall four holes. This benchmark
wasdesignedat TexasA & M university[21].

Piano: Eight Chairs,a table,anda piano (Figure5). The goal
is to move the pianothroughthe windowv. The window is
smallerthanthe convex hull of the piano,forcing the piano
to rotatein orderto reachthe goal. This benchmarkwas
providedby LAAS, Toulouse.

2D Maze: A mazewith aspike-shapedobot(Figure6).

3D Maze: A stackof four connectednazesgachsimilarto 2D
Mazeshawn in Figure6.

Pegs. Tilted pegsthata humanfigure mustavoid (Figure7).

Theresultsof thebenchmarksresummarizedn Table5. The
\oronoi resolutionis the resolutionof the discreteVoronoi dia-
gram,definedasD/S, whereD is the lengthof the maindiago-
nal of thesceneand S is the distancebetweersampleddistance
values. All timesarein secondson a 300 MHz MIPS R12000
processaor

The randomizedplanner has several adjustableparameters
that can affect performance.The timings for the PRM planner
reflectourbesteffortsto choosgparametershatgive optimalper
formanceof the PRM plannerfor the givenscenes.

For articulatedrobots,we have testedthe performancef our
framework on anumberof benchmarksTheseinclude:

Crane. A CAD modelof a cranecomplex composedf more
than128,000 triangles(Figure8). The modelcontains143
separat@olyhedrabartswhicharerenderedn distinctcol-
orsin thefigure. Therobotis anarticulatedrobotarm part
with 10 degreesof freedom. The modelwas provided by
LAAS.

Maze: The mazeis the oneshown in Figure6. Therobotis a
seriesof boxeswith 9 degreesof freedom.

Thetiming results(without ary optimization)of thesebench-
marksaresummarizedn Table5.

6 Analysisand Discussion

In this section,we discussthe performanceof our planner
We considempropertiesof therobotandworkspacehataffectthe
performance.

If thereis a pathfor the robot which is, to the precisionof
our Voronoi computation,wider thanthe boundingball for the
robot, thenour plannerwill generallyfind it very rapidly, with-
out randomizedplanning. Thus, for our planner ary region of
the workspacewider than the boundingball of the robot does
notcorrespondo a narrov passagén C-spaceWe thereforede-
fine aworkspacenarrow passae to be a portion of the GVG for
whichthesitedistances lessthantheradiusof therobot'sbound-
ing ball. By theabove obserations,arny C-spacenarrov passage
correspondso somepartof aworkspacenarrov passage.
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Figure3: Duct: An elongatedbox-shapedaobotmusttra-
versea bentduct to reachthe goal configuration,shavn
behindthe partially transparentvall.

init

goal

Figure 4: Walls: A narrov box-shapedobot must pass
throughthe squareopeningsin four differentwalls. The
pathshawn is the solutionfound by our planner

Figure5: Piano: The pianomustavoid the otherfurniture
andmaneuer throughthe window to reachthe goal con-
figurationin the next room.

init—»

— g L

~~ goal

Figure6: 2D Maze: Thewedgeshapedobotmustnavigate
throughthe mazeof walls andpassageto reachits goalat
the bottomright cornerof themap.

init

Figure7: Pegs: Twenty-five pegs of differentsizes,tilted
at variousangles.lt is navigatedby the stick figure robot
shown.

Figure8: Crane:A complex craneassembly

Scene | Res | GVG | Query | PRM | Gain
Duct 128 | 10.4 0.70| 894 88
Walls 128 | 2.98 0.55| 20.3 5
Piano 64| 5.05 41.9| 603 14
2DMaze | 128 | 2.14 574| 341 43
3DMaze | 128 | 24.9 23.8| 450 9
Peas 64 | 2.87 19.7| 97.7 4

Table 1: Benchmarktimings. Res. Voronoi resolution.
GVG: Voronoi graphcomputationtime. Query: query
phase after Voronoi computation.PRM: the randomized
planneralone.Gain: speedugactot

Scene | Res | GVG | Query
Crane| 64| 138.65| 334.71
Maze | 128 573 | 59.66

Table 2: Benchmarktimings in secondsfor articulated
robots. Res. Voronoi resolution. GVG: Voronoi graph
computation.Query: queryphase after Voronoi compu-
tation.



Becausenvalid sggmentsare determinedby collision of the
robot with the ervironment,they canonly occurin workspace
narrav passagesyr alonga segmentjoining a query configura-
tion to the GVG. Thus our plannerprimarily usesrandomized
planningin a subsetof the workspacenarrov passageslit may
seemparadoxicathatnarrov passagesyhich canbenotoriously
difficult for randomizeglannersarepreciselywherewe useran-
domizedplanning.Thisstrategy in factworkswell becausef the
threetechniquesve useto biassampling:

e Weinitially restrictrandomizedglanningto aregiondelim-
ited by the endpointsof theinvalid segment,increasinghe
chanceghatwe will generatamore samplesn the narrav
passages.Essentially in the contet of this restrictedC-
spacethenarrav passagdecomes relatively openarea.

e Whena passagés especiallynarrav, measuredn termsof
theworkspacewe seedthe PRM plannerwith anadditional
configurationnearthe narravest point. Theseadditional
seedconfigurationave the effect of intensifyingsampling
in themostrestrictedareas.

e We usea PRM plannerthat generatesrew samplesnear
samplesalreadyfound at both endsof the narrav passage.
Treesof configurationsootedat the two endsof the nar
row passagéave a high probabilityof growing into it. This
phenomenois discussedh termsof expansivecomponents
in[12].

7 Conclusion

We have introduceda hybrid plannerthat usessimplified
globalgeometricanalysisto generatenestimatedath,andthen
usesrandomizedlanningguidedby the generalized/oronoidi-
agramto modify theestimatecpathinto acollisionfreepath. We
have testedthe planneron several benchmarksandfound thatit
canbeoveranorderof magnitud€astethanacomparabl@urely
randomizedlanner
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