
EUROGRAPHICS2001/ A. ChalmersandT.-M. Rhyne
(GuestEditors)

Volume20 (2001), Number3

Accurate and FastProximity QueriesBetweenPolyhedra
UsingConvexSurfaceDecomposition

�

StephenA. EhmannandMing C. Lin

Departmentof ComputerScience,Universityof NorthCarolina,ChapelHill, U. S.A.

Abstract
Theneedto performfast and accurate proximity queriesarisesfrequentlyin physically-basedmodeling, simu-
lation, animation,real-timeinteraction within a virtual environment,and gamedynamics.Thesetof proximity
queriesincludeintersectiondetection,toleranceverification,exactandapproximateminimumdistancecomputa-
tion, and (disjoint) contactdetermination.Specializeddata structuresandalgorithmshaveoftenbeendesigned
to performeach typeof queryseparately. We presenta unifiedapproach to performany of thesequeriesseam-
lesslyfor general, rigid polyhedral objectswith boundaryrepresentationswhich are orientable2-manifolds.The
proposedmethodinvolvesa hierarchical data structure built upona surfacedecompositionof the models.Fur-
thermore, the incrementalqueryalgorithmtakesadvantage of coherencebetweensuccessiveframes.It hasbeen
appliedto complex benchmarksandcomparesveryfavorably with earlier algorithmsandsystems.

1. Intr oduction

Proximity queriesare fundamentalin a wide rangeof do-
mainssuchassimulatedenvironments,virtual prototyping,
androbotics.Thesetof applicationsincludevirtual environ-
ments,computergames,toleranceverification,simulation-
baseddesign,andmotionplanning.

Proximityquerieshavebeenextensively studied,andsev-
eral specializedalgorithmshave beenproposed.Theseal-
gorithmsdiffer basedon modelrepresentations,the typeof
queries,and the characteristicsof the simulatedenviron-
ments20. Someof thecommonlyusedalgorithmsarebased
on spatialdatastructuresor boundingvolume hierarchies.
They cannotefficiently computecontactregionsor perform
disjoint contactdetermination,while ouralgorithmcan.

We presenta novel approachthat can handlemultiple
typesof queriesof varyingdifficulty for generalpolyhedral
models.Our goal is to provide a unifiedalgorithmicframe-
work within which many typesof queriescanbe answered
withoutusingspecializeddatastructuresandcostlypostpro-
cessing,suchas is the casewith many earlierapproaches.
Thetypesof queriesweaddressare:

�
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� Intersection Detection: returnsa booleanvalueindicat-
ing whethera pair of polyhedrais intersectingor not.� Tolerance Verification: given a tolerance, returns a
booleanvalue indicatingwhetherthe minimum distance
betweenapair of polyhedrais below thetoleranceor not.
This type of queryis a generalizationof intersectionde-
tectionwhich hasa toleranceof zero.� Exact Minimum Distance:givena tolerance,returnsthe
minimumseparationdistancebetweenapairof polyhedra
if thedistanceis lessthanthetolerance.� ApproximateMinimum Distance:givenanabsoluteer-
ror, a relative error, and a tolerance,returnsa distance
value such that the exact minimum distancebetweena
pairof polyhedrais within eitherof thegivenerrorbounds
and thereturneddistancevalueis lessthanthetolerance.� Disjoint Contact Determination: given a tolerance,re-
turnsa setof pairsof featuressuchthat eachpair repre-
sentsa local minimumin thedistancefunctionbetweena
pair of polyhedraand the distanceat the local minimum
is less than the tolerance.From thesepairs of features,
distances,nearestpoints,andcontactnormalscanbecom-
putedyieldingasimplegeometricdescriptionof acontact
region thatcanbeusedfor collision response1 � 4� 25.

Thesequeriescan be further groupedinto threeclasses
baseduponthegeneralizationsgiven.Wewill call them:tol-
erance,distance,andcontactqueries.

c
�

TheEurographicsAssociationandBlackwellPublishers2001.Publishedby Blackwell
Publishers,108 Cowley Road,Oxford OX4 1JF, UK and350 Main Street,Malden,MA
02148,USA.



EhmannandLin / ProximityQueriesUsingConvex SurfaceDecomposition

1.1. Main Contrib utions

We presenta family of algorithms for efficient proxim-
ity queryof generalrigid polyhedra,basedon convex sur-
facedecomposition.Our approachproceedsin threephases.
First,aconvex surfacedecompositionof agivenpolyhedron
is computed.A hierarchyis createdoutof theresultingcon-
vex patches.Eachnodeof the hierarchyis a convex hull
whichboundsits children.At theleavesaretheconvex hulls
of theconvex patchesyieldedby thedecomposition.A pair
of convex hulls is testedusingamodifiedLin-Canny closest
featurealgorithm22. A pair of hierarchiescanbeefficiently
queriedby recursive descent.Our key contributionsare:� A unifiedframework for proximity queriesof varyinglev-

elsof generality.� An efficient disjoint contactdeterminationalgorithmfor
computingpairsof nearestfeaturesandlocal minima in
thedistancefunctionbetweenpolyhedra.Theseareuseful
in dynamicsfor computingcollision responsesubjectto
non-penetrationconstraints.� Theability to performproximity queriesfor solidsin ad-
dition to theirboundarysurfaces.Ouralgorithmalsosup-
portssurfaceswith boundary.� An integratedgeneralizationof queryaccelerations.

Thealgorithmhasbeenimplementedandanalyzedusing
variousbenchmarks.Experimentswereperformedondiffer-
ent shapesand combinatorialcomplexity of objectsalong
with several algorithmic variations.We observe excellent
performancefor ouralgorithm,alongwith anindicationthat
ouraccelerationtechniquesoffer substantialimprovements.

The next sectionsurveys previous work. Section3 gives
an outlineof our algorithm.Convex surfacedecomposition
is describedin section4. Hierarchyconstructionis discussed
in section5. Sections6 and7 describein detail thequeries
andqueryaccelerationtechniques.Section8 comparesthe
performanceof our prototypeimplementationagainstother
publicly availablepackages.

2. Previous Work

Proximity querieshave beenwidely studiedin many fields.
Many algorithmshavebeenproposedfor variousmodelrep-
resentations.They areeitherapproximateor exact,andan-
swerdifferentsubsetsof proximity queries.Similarly, con-
vex decompositionand hierarchy constructionhave also
beeninvestigatedin computergraphics,computationalge-
ometry, andsolid modeling.Next, we examineearlierwork
in theseareas.

2.1. Convex Decomposition

Theproblemof computingwhatwe call a convex solid de-
compositionof ageneralpolyhedronP, hasbeenextensively
investigated3 � 6� 8� 28� 29 and is known to have outputof size
O � n2 � wheren is the numberof boundaryelementsof P.

Thedefinitionof this decompositionis:

P �	�
i

Ci



i � j : i �� j Ci 
 Cj ��� (1)

wheretheCi aresolidconvex pieces.

Another type of decompositionis a convex surfacede-
composition.This hasbeenaddressedby 7� 9 andthedefini-
tion is:

boundary � P� � �
i

ci



i � j : i �� j ci 
 c j ���

ci � boundary � Ci
� (2)

wheretheci areconvex surfacepatchesthat lie entirely on
the surface (boundary)of their convex hull Ci � CH � ci

�
which is the correspondingconvex piece.This type of de-
compositionis of complexity O � r � wherer is thenumberof
reflex edgesin thesurface(boundary)of P. This alsoworks
for surfaceswith boundary(non-solids)sinceno notion of
insideor outsideis required.Theproblemof findingthemin-
imum numberof patchesis provento beNP-Completein 7,
sothey investigatevariousapproximationalgorithmsto find
a small numberof patches.Someof our decompositional-
gorithmsarederivedandextendedfrom theirs.

2.2. Hierar chy Construction

Boundingvolumehierarchies(BVHs) have provenefficient
toolsin thecomputationof proximity information.Theprop-
erty that they satisfy is that each node of the hierarchy
boundsall thegeometryin its child subtrees.Therearetwo
main approachesto build BVHs: top-down or bottom-up.
Top-down constructioninvolves recursive splitting and is
fastandsimpleto implement15� 21. Bottom-up,on theother
hand,involvesgroupingprimitiveshierarchicallyandis of-
tencomputationallymoreexpensive 2. For themostpart,bi-
narytreesareconstructedalthoughtreesof higherdegreeare
possible.Analytical evidenceagainstusing degreeshigher
thantwo is presentedin 18.

2.3. Proximity Query

2.3.1. Convex Polyhedra

Much of the prior work on proximity querieshasfocused
on algorithmsfor solid convex polyhedra.A numberof al-
gorithmswith goodasymptoticperformancehave beenpro-
posed,including an O � log2n� algorithm by 10. This ele-
gantapproachis difficult to implementrobustly in 3D, how-
ever. Good theoreticaland practical approachesbasedon
the linear complexity of the linear programmingproblem
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areknown 24� 30. Minkowski differenceandconvex optimiza-
tion techniquesareusedin 14 to computethe distancebe-
tween convex polyhedraby finding the closestpoint be-
tweenthe Minkowski polytopeand the origin. In applica-
tions involving rigid motion,geometriccoherencehasbeen
exploited to designalgorithmsfor convex polyhedrabased
on either traversingfeaturesusing locality or convex opti-
mization5 � 22� 23� 26. Thesealgorithmsexploit spatialandtem-
poralcoherencebetweensuccessive queries,andwork well
in practice.Multiresolutionrepresentationshave beenused
to furtherspeedup queriesbetweenconvex polytopes11� 16.
For a morethoroughdiscussionof convex polyhedralprox-
imity query, see12. Weuseaminimumdistancecomputation
algorithmbasedon “Voronoi marching”asa subroutineto
testtheproximity of apairof convex polyhedra.It is power-
ful andgeneralin that it yieldsanswersto all five proximity
querytypesfor convex polyhedra,with just onequery.

2.3.2. GeneralPolygonalModels

Bounding volume hierarchiesare presently regarded as
one of the most generalmethodsfor performing proxim-
ity queriesbetweengeneralpolyhedra.Specifically, sphere
trees,AABB trees,OBB trees,andk-dopshave beenused
for fast intersectiondetectionqueries 2� 15� 17� 18� 27. Swept
spherevolumes(SSVs)have beenusedfor intersectionde-
tection, toleranceverification, and exact and approximate
minimum distancequeries21. Thesealgorithmsdo not as-
sume connectivity or convexity of the input, thus their
queriesare purely basedon boundaryrepresentationsand
cannotdiscriminatebetweenthe caseof onesolid entirely
within anotheranddisjoint solids.With the exceptionof 4,
mostof themdo not performthe contactanalysisrequired
for physically-basedsimulation.

3. Algorithm Overview

We assume,for simplicity, and without loss of generality,
thata polyhedron’s boundaryis composedof triangles.Our
algorithmconsistsof threemajorcomponents.Thefirst two
arepreprocessingandthelastis thequery, happeningat run-
time.Next, a brief overview of eachis given.

3.1. Convex SurfaceDecomposition

The first phaseis the decompositionof a general(possibly
non-convex) polyhedron’s surfaceinto a smallcollectionof
convex patches.We have developedan approachbasedon
graphsearchingmethods7. A seedpoint is usedto starta
graphsearchwhich includesfacesinto the currentconvex
patchif certaincriteriaaremet.Theresultingdecomposition
is similar to Eqn.2. This is in contrastto a convex solid de-
composition.A convex pieceis formedfrom aconvex patch
by takingits convex hull. Moredetails,alongwith ourexpe-
riences,aregivenin section4.

3.2. Hierar chy Construction

Basedonthedecomposition,aBVH is built with theconvex
piecesasits leaves.We focuson the top-down construction

of binary boundingvolume hierarchies.Thereare various
splitting axesandrulesthatwe coulduse.Typically, BVHs
have primitivesat the leavesthat are trianglesand internal
nodeswhicharecertainsimpleboundingvolumes.Sincewe
useconvex hull boundingvolumes,a convex polyhedronis
the only type of geometrystoredin our BVH. BVHs con-
structedusing our algorithm have substantiallyfewer lev-
elsandaretighterfitting thanotherBVHs. Furthermore,we
haveapotentialfor pruningrelationshipsbetweenany inter-
nal nodeandits leaves.More detailson the hierarchycon-
structionin generalaregivenin section5.

3.3. Query

Without lossof generality, the proximity of two modelsis
queried.Giventhatthegeometryin thehierarchyis convex,
geometriclocality is exploited to speedup queriesin a uni-
fied manner. A recursive traversalalgorithmis usedto test
a pair of hierarchies.Due to thestructureof our BVHs, we
only requireatestbetweenapairof convex polyhedra.More
detailson thequeryalgorithmin general,alongwith possi-
bleaccelerationtechniques,aregivenin sections6 and7. In
section8, we benchmarkvariousquerieswith andwithout
optimizations.

4. Convex SurfaceDecomposition

We consideran orientablepolyhedral surface S. If it is
closed,then it is the surfaceof somepolyhedralsolid P:
S � boundary � P� . A constraintis addedto Eqn.2 to decom-
posea polyhedralsurfaceS:

S 
 Ci � ci (3)

Thatis, Scanonly meetthesurfaceof any convex piece(Ci )
in exactly theconvex patch(ci) usedto createthepiece.If S
is closed,thepiecesarecontainedentirelywithin P but their
uniondoesnot necessarilyequalP. Whetherit is closedor
not,Sis asubsetof theunionof theboundariesof thepieces:
S ��� i boundary � Ci

� . This is importantin order to ensure
correctnessof thequery.

Thealgorithmthatwe useto createa decompositionlike
this is basedonexploring facerelationshipsasapatchis be-
ing created.It usesa graphsearchandan incrementalcon-
vex hull algorithm.Wehavenoticedthattherearemany fac-
tors thatdeterminethenumberandstructureof thepatches
that are created.The interactionbetweena decomposition
methodand the queryperformanceis complex, difficult to
characterizein practice,and highly dependenton the en-
vironmentsandcontactscenarios.Therefore,we take as a
gooddecompositionfor now, onewhosecollectionof pieces
takesupa smallamountof memory.

We extendthe surfacedecompositionalgorithmsof 7 to
handlethe additionalnon-intersectionconstraint(Eqn. 3),
andproposea better“seeding”technique.

Thegraphof a polyhedralsurfaceis simply its edgesand
vertices.The dual of this graphis a graphwith the same
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Figure1: Creation of a convex patch

edgesbut with the roles of verticesand facesreversed.A
depth-firstsearch(DFS)or breadth-firstsearch(BFS)is used
to traversethe dual graphof S, while a convex hull C, is
maintainedasfacesareaddedto thecurrentconvex patchc.
Whenthe searchterminates,c is the collectionof facesof
S that wereaddedduring the search.The convex hull C is
the convex piececorrespondingto c. In general,when the
searchentersa candidateface f (which is triangular),there
is a vertex v, on theoppositesidefrom theedgee, of entry.
Theadditionof v to C is identicalto theadditionof f to c.
Not every facevisited by the graphsearchcanbe included
however.

To meettherequiredconstraints,thecriteriaby which to
addv to C to getC � are:

1. e is nota reflex edge
2. no facesfrom S thatarein c arevisible from v
3. theadditionof v to C doesnot causeC � to intersectwith

any partof Snot in c

which if satisfied,allow the additionof v to C and f to c.
Figure1 shows a searchthat startsat a faceS andforms a
patch.FaceA cannotbeincludedbecausethesearchcrosses
areflex edgeto getto it (first criterionviolated).FaceB can-
notbeincludedbecauseS (alreadyin thepatch)is visible to
v (secondcriterionviolated).

5. Top-Down Hierar chy Construction

To createa binaryhierarchytop-down, a recursive splitting
of the list of primitives is done.Recall that the primitives
in this context areconvex pieces.Algorithm 1 demonstrates
theprocess.First,therecursiondescends,splittingasit goes.
As therecursionunwinds,theboundingvolumesarecreated
andfacesharingandclassificationarecomputed.

5.1. Splitting

Thereare many ways to split a set of primitives into two
groups.We assignasa representative point to eachprimi-
tive its centerof mass(COM). Thecovariancematrix of the
convex hull of theCOMsis computed.Usingeigen-analysis,
themaximumspreaddirectionis foundandthisbecomesthe
splittingaxis.EachCOM is projectedontothesplittingaxis.
TheprojectedCOMsarethensortedalongit. Theproblem
hasnow beenreducedto a sortedlist of real values.There

Algorithm 1: Construct_Hierarchy(L )

Input: list L of primitives

1. if L is of length1 then
2. returnNew_Leaf_Node(L )
3. Split( L, L1, L2 )
4. H1 = Construct_Hierarchy(L1 )
5. H2 = Construct_Hierarchy(L2 )
6. H = New_Internal_Node(H1, H2 )
7. CH = Compute_Convex_Hull( H1, H2 )
8. for all thefacesin CH do
9. if thefaceis in H1 then
10. storea pointerto theH1 facein H
11. elseif thefaceis in H2 then
12. storea pointerto theH2 facein H
13. else
14. createa copy of theCH facein H
15. returnH

aremany possiblewaysto go aboutsplitting thevaluesinto
two groups.We consideredthefollowing:� Median: split at themedianvalue.� Midpoint: split at themidpointof thefirst andlastvalue.� Mean: split at themeanof thevalues.

Of coursetherearemany other methodsthat canbe used.
An optimal splitting strategy for top-down constructionof
BVHs remainsanopenresearchissue.

5.2. FaceSharing and Classification

In Algorithm 1, lines8-14computethefacesharingbetween
levels. If a faceis sharedby morethanoneconvex polyhe-
dron,only onecopy of it exists.This cutsdown thememory
requirements.The faceadjacency informationmuststill be
copiedsincetheface’sneighborscouldbedifferentfor each
convex polyhedronit resideson.

Eachfaceis givenoneof threeclassifications.Theseclas-
sificationsarethefacerelationshipsbetweenaboundingvol-
umeat an internalnodeandtheconvex piecesat its leaves.
They areimportantfor makingthequeryefficient.Theclas-
sificationslisted in orderof decreasingpruningpower are:

1. ORIGIN AL: facesfrom theoriginal surface.
2. CONTAINED: facescreatedwhenconvertingpatchesto

piecesby convex hull. Accordingto thedefinitionof con-
vex surfacedecompositionthatweuse,all thesefacesare
containedin theoriginal solid if thesurfaceis closed.

3. FREE: facescreatedwhen constructingthe hierarchy.
Thesearecreatedin line 14of Algorithm 1.They arefree
in thesensethatthey do not belongto any of theconvex
pieces.

Theseclassificationsarepropagatedup thehierarchyasfar
as they cango dueto the facesharing,which is desirable.
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Figure2: Hierarchy with face classifications

Thus,everyfacein everyconvex polyhedronin thehierarchy
hasoneof theclassifications.SeeFigures2, 9, and10. Each
lower dimensionalfeature(vertex or edge)mustalsohave
a classification.No verticeswerecreatedduring either the
decompositionor the hierarchyconstruction.Therefore,all
verticesareimplicitly treatedasORIGIN AL . We consider
anedgeto bea partof bothfacesit is adjacentto. Thus,we
classifyanedgethesameasits neighboringfaceof highest
pruningpower. Theseclassificationsareusedin the query,
which is describedin thenext section.

6. Hierar chical Query

In this section,the runtimequeryalgorithmis explainedin
detail.First, thecoreroutinethat performsa proximity test
betweena pair of convex polyhedrais described.Then,we
describeanalgorithmfor traversinga pair of hierarchies.A
basic traversal is outlined, followed by an elaborationfor
eachtypeof query.

6.1. Atomic Query UsingVoronoi Mar ching

We usean iterative distanceminimizationalgorithmbased
onVoronoimarching(VM) 11 to performatomicqueriesbe-
tweenpairsof convex polyhedra.VM is atechniquethatper-
formssurfacewalking on a pair of convex polyhedrausing
their externalVoronoiregionsto find thepair of nearestfea-
turesbetweenthem.Fromthispair, all theinformationthatis
neededfor all typesof queries(tolerance,distance,andcon-
tact)canbederived.If intersectionis detected,thedistance
is consideredto benegative.Thetestis doneonconvex poly-
hedralsolids. Thus,evenif theboundaryof oneis contained
entirely within the other, intersectionis still detected.One
issuerelatingto this subroutineis its initialization. We pro-
posea simpleyet effective directionallookup tablescheme
12 for caseswithouthightemporalcoherence.If temporalco-
herenceis present,thepreviousclosestfeaturesfor a pair of
convex polyhedraareusedto initialize wherepossible.

6.2. Hierar chical Traversal

Algorithm 2 is thegenerictraversalalgorithmusedto query
a pair of polyhedraby usingtheir hierarchies.Here,we will

Algorithm 2: Traverse_Hierarchies(H1, H2 )

Input: thehierarchies,H1 andH2, to traverse

1. PerformVM teston therootsof H1 andH2 to get
nearestfeaturesf1 andf2

2. if notprunedthen
3. if f1 is FREE then
4. Traverse_Hierarchies(H1.left_child,H2 )
5. if queryis resolvedthenreturnanswer
6. Traverse_Hierarchies(H1.right_child,H2 )
7. elseif f2 is FREE then
8. Traverse_Hierarchies(H1, H2.left_child)
9. if queryis resolvedthenreturnanswer
10. Traverse_Hierarchies(H1, H2.right_child)
11. returnanswer

only focuson the threefundamentaltypesof queries:toler-
ance,distance,andcontact.Thetraversalhasdifferentprun-
ing conditionsanddifferentconditionsunderwhich to find
ananswerfor thedifferenttypesof query. In general,notall
the featureson the boundingvolumesat the internalnodes
are FREE. If both of the nearestfeaturesare non-FREE
(conditionsat line 3 andline 7 areboth false),thenthe re-
cursionterminates,andananswercanbegiven for thepair
of sub-hierarchies.Eachquerytypeis examinednext.

6.2.1. ToleranceQuery

Tolerancequeriesinvolve returninga booleananswer, given
a tolerance,indicatingwhethertwo polyhedrahave a mini-
mumdistancelessthanthetolerance.Thetolerancemustbe
greateror equalto zero.If it is zero,then the query is the
sameasintersectiondetection.The recursionis prunedfor
this type of query if the distanceyielded by the VM sub-
routine is greaterthanthe tolerance.If this is the case,we
know that no pairs in the sub-hierarchiescan possiblybe
closer. Theanswerreturnedwould be false. If theminimum
distanceis lessthanthetoleranceandbothof thenearestfea-
turesarenon-FREE, thenthepolyhedrafailedthetolerance,
andtrue is returned.Otherwise,recursionis performed.

6.2.2. DistanceQuery

Given an absoluteerror εa, a relative error εr , anda toler-
ance,distancequeriesreturna distancethat is lessthanthe
toleranceandis within thegivenerrorof theexactminimum
distance.If theerroris zero,thenexactminimumdistanceis
computed.If the toleranceis zero,thenthe queryis equiv-
alent to intersectiondetection.Eachrecursive call receives
as a parameterthe minimum distance,Dmin, found so far.
Therecursionis prunedfor this typeof queryif thedistance
yieldedby the VM subroutine,d, is greaterthan the toler-
anceor if no pairsin thesub-hierarchiescanaffect thedis-
tance.If d ; εa < Dmin andd =>� 1 ; εr

� < Dmin, thenthereis
no needto recur. Therecursionhasreachedthebasecaseif
bothof thenearestfeaturesarenon-FREE. If this is thecase
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andthenearestfeaturesareintersecting,thenanegative dis-
tanceis returnedsincethepolyhedraareintersectingandthe
distancecannotbefurtherminimized.Otherwise,d is com-
paredto Dmin. Thenew minimumdistanced is assignedto
Dmin if d ; εa ? Dmin or d =@� 1 ; εr

� ? Dmin. On theother
hand,if at leastoneof the nearestfeaturesis FREE, then
recursionis performedandDmin is passedon.

6.2.3. Contact Query

Given a tolerance,contactqueriesrecordpairs of features
at local minima in thedistancefunctionbetweentwo poly-
hedra.This is the mostgeneraltype of query. Its recursive
structureis identicalto thatof the exact minimumdistance
query. At eachrecursive invocation,the VM subroutineis
performedandthe nearestfeaturesanddistanceareevalu-
ated.The recursionis prunedif thedistanceis greaterthan
thetolerance.Therecursionhasreachedthebasecaseif both
of thenearestfeaturesarenon-FREE. If this is thecaseand
the nearestfeaturesare intersecting,then the entire query
terminatesand reportsintersectionsincecontactsare only
computedwhen the polyhedraare disjoint. Otherwise,the
nearestfeaturepair is addedto thecontactlist. On theother
hand,if at leastoneof the nearestfeaturesis FREE, then
recursionis performed.

7. Query Acceleration

In this section,we describethreetechniquesfor accelerat-
ing hierarchicalqueries.We presentthem in order of in-
creasingsophistication.An evaluationof them is given in
section8. They arederivedfrom somerelatedwork but ex-
tendedandgeneralizedfor ourframework.Eachexploitsone
of two typesof coherence:spatialor temporal.The former
type refersto the coherencethat is inherentin the spatial
structureof asinglepolyhedron.Sinceit is rigid, this typeof
coherenceexists for any query. Thelatter type is coherence
for a pair acrossqueries.In a sense,it refersto thechanges
in relative positionsandorientationsof two polyhedra.

7.1. PieceCaching

Piececachingis an idea similar to triangle cachingin 21

which exploits temporalcoherence.It can be usedfor tol-
eranceanddistancequeriessincethey only requirea single
answer. Theideais to rememberthepair of convex polyhe-
dra thatansweredthe lastquery. If therewasnot muchrel-
ative movementbetweenthelastqueryandthecurrentone,
it is highly likely thatthesamepair canyield somevaluable
informationthatcanspeedup thequery. Thepair of nearest
featuresfoundin thepreviousquerycanbeusedto initialize
theatomicqueryfor thecachedpair of convex pieces.

For tolerancequeries,the pair from the previous query
is not storedif the polyhedraare sufficiently distant.Oth-
erwise,thepreviousqueryfailedandthepair wherefailure
wasdetectedis testedbeforeany other pair. If the current
queryfails on it, we aredone.Otherwise,anordinaryquery
is performed.

For distancequeries,the pair that yielded the minimum
distancefrom thepreviousqueryis testedfirst. If thepair of
nearestfeaturesarebothnon-FREE, thentheminimumdis-
tanceis initialized to be the distancecomputedby the test.
This doesnot entirelyanswerthequery, but providesfor in-
creasedpruningdueto Dmin beingsmaller. Otherwise,Dmin

is initialized to infinity andtheordinaryqueryis performed.

7.2. Priority Dir ectedSearch

This type of optimizationis derived from 21 andtakesad-
vantageof spatialcoherencewithin the geometryof a sin-
gle objectandcanbe usedeven whentemporalcoherence
is not present.It speedsup distancequeriesby honingin on
the minimum distancemorequickly. The ideais to always
processnext, thepair of sub-hierarchieswhoseroot bound-
ing volumeshave thesmallestdistance.A priority queueof
outstandingpairsof sub-hierarchiesis maintainedwith the
highestpriority goingto thepairwith theminimumdistance
betweenits roots’ boundingvolumes.

This accelerationtechniquecounts on the fact that it
is likely that a small distancecan be found betweensub-
hierarchieswhoserootshave a smalldistancebetweentheir
boundingvolumes.Thus,the priority directedsearchtends
to first exploretherecursionbranchesthataremostpromis-
ing, with the hopeof lowering Dmin andpruningrecursion
branchesthatwouldotherwisehave beentaken.

To illustratehow priority directedsearchworks, assume
that the pair at the headof the queueis to be tested.It is
removed from the queueand the two root boundingvol-
umesaretestedusingthesubroutinefor convex polyhedra.
If thetestprunesaway any moretestsbetweenthetwo sub-
hierarchies,or if bothof thenearestfeaturesarenon-FREE,
we are done(sincethe recursionbranchterminated).Oth-
erwise,one or both of the nearestfeaturesis FREE. It is
decidedwhich sub-hierarchyto descendon,andthetwo re-
cursive pairsareinsertedinto thequeue.If thequeueis too
full to accommodatethesecondpair (it canalwaysaccom-
modatethe first due to the removal of the head),then the
secondpair is immediatelyresolved recursively like would
bedonewithoutpriority directedsearch.

7.3. GeneralizedFront Tracking

Our mostpowerful andsophisticatedmethodis calledgen-
eralizedfront tracking andis a queryaccelerationtechnique
that exploits temporalcoherence.It can be applied to all
typesof queries.Fronttrackingisatermoriginally coinedby
19 for cachinga singleboundingvolumewith respectto one
hierarchyduring a hierarchicaltraversal.Generalizedfront
trackingextendsthis ideato cachingmultiplepairsof BVs.

Themainideais thatwhentwo objectsarein closeprox-
imity, we would like to avoid having to traversethe up-
per levels of their BVHs eachtime. If the roots of sub-
hierarchieswhere important events happenedin a query
could be remembered,thenthesespotsin the traversalcan
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be usedasstartingpointsfor future traversals.In our case,
pairsin therecursionfoundto intersectareimportant.

A front refersto theleavesof a specialrecursiontreethat
is built andmodifiedasqueriesprogress.This tree is akin
to the boundingvolumetest tree(BVTT) that wasusedas
ananalysistool in 21. TheBVTT representsthehierarchyof
testsperformedduringaquery. Eachnodein theBVTT cor-
respondsto a singletestbetweena pair of BVs. Eachnode
in theBVTT representsa pair of convex polyhedrafrom the
hierarchieswhich eitherhasno children(it is a leaf), or ex-
actly two children.If apair existsin thetree,thenoneof the
following conditionsholdsfor it:� it wasintersectingthelasttime it wastested� its siblingwasintersectingthelasttimeandthispairexists

to ensurethatits parenthastwo children� neitherit nor its siblingareintersecting.Sincethefront is
only raisedonelevel at a time, thefront hasnot yet been
raisedto its parent

The front is usedto initialize multiple recursionbranches,
whoseoverall effect is identical to startingat the root of
the two hierarchies.Eachitem in the front canalsopossi-
bly storeapairof featuresusedto initialize theatomicquery
subroutinefor its pair of convex polyhedra.

The issueof how to modify theBVTT is explainednext.
As the recursiondeepens,the tree grows by the creation
of new children. This is termed“dropping” the front and
normally occurswhenthe polyhedramove closertogether.
Usually, whenthe polyhedramove apart,the front mustbe
“raised”. We only raiseit onelevel per querysinceraising
it recursively incursthecostof additionalboundingvolume
tests.

Generalizedfront tracking,aswe have presentedit here,
workswell acrossdifferenttypesof queries.As anexample,
if intersectionis queried,followedby contact,thefront gen-
eratedby the intersectionqueryis a goodstartingpoint for
thecontactquery.

8. Implementation and Experiments

Weimplementedouralgorithmsincludingthevariousaccel-
erationtechniquesusingC++. Thesourcecodeis available
to thepublicat ourprojectwebsite:

http://www.cs.unc.edu/A geom/SWIFT++/

We usedthepublicly availableQHULL packageto perform
convex hull computations.We also createdour own rigid
bodydynamicssimulatorwhich wasusedto preparebench-
marksandverify theoverall correctnessof the implementa-
tion. We usedanOpenGLfront-endto visualizethevarious
phasesof ouralgorithm.

8.1. Benchmark Design

For performancecomparison,we created6 scenarios(see
Figures3– 8):

1. a pair of interlockedtori, onebent,theotherwrinkled
2. a fixedcupanda spoonbeingdroppedinto thecup
3. a fixedspiralpeg andthreelargebenttori moving on it
4. a fixedspiralpeg andthreesmallbenttori moving on it
5. a fixed upperteethmodelanda lower teethmodel that

shiftslaterally
6. a fixed upperteethmodelanda lower teethmodel that

opensandcloses.

For thefirst four, wegeneratedsequencesof transformations
by runninga dynamicsimulationwith non-penetrationcon-
straints.For thelast two, we generatedtransformationspro-
cedurally. Eachof thetori is composedof 2000triangles,and
thespiralof 8000.Thecuphas8000trianglesandthespoon
consistsof 84.Theteetharescannedmodels,andhave over
40,000triangleseach.Pleaserefer to the ProceedingsCD
andtheprojectwebsitefor videoclips of our simulations.

Eachscenariowas run and querieswere performedfor
intersectiondetection,approximatedistancecomputation
(10%relative error),andexactdistancecomputation,all us-
ing our implementationof convex hull (CH) boundingvol-
ume hierarchies.For intersectiondetection,we also tested
BVHs composedof OBBs 15 and18-dops18. For distance
computation,wealsotestedSSVBVHs 21. Implementations
of all threetypesof BVHs arepublicly availableasRAPID,
QuickCD,andPQPrespectively.

8.2. Resultsand Analysis

All timingswereperformedon a 450MHz Intel PIII. Tim-
ings are given in millisecondsand correspondto average
query time. We only show timings for our algorithm with
the Midpoint splitting methodsinceall the splitting meth-
odsyieldedsimilar results.

Intersectiondetectionresultsarereportedin Table1. Our
implementation,usingCH BVHs, wasrunwith all thecom-
binationsof piececaching(PC)andgeneralizedfront track-
ing (FT) optimizations.Since our benchmarksdo not in-
cludemuch intersection,the PC resultsdo not yield much
additional insight, thereforewe do not show them.BVHs
using OBBs and 18-dopswere testedusing identical in-
put data.The 18-dopBVHs were testedwith andwithout
the front tracking(FT) optimizationavailable in QuickCD.
Since QuickCD is unableto handlesceneswith multiple
moving objects,thoseentriesin thetablearedenoted“N/A”.

The performanceof approximatedistance(10% relative
error) and exact distancecomputationare very similar, so
we just reporttheexactdistanceresultsin Table2. Our im-
plementationwasrun with all combinationsof PC,FT, and
priority directedsearch(PD). SSV BVHs werealso tested
usingidenticalinput data,oncewith theoptimizationof tri-
anglecaching(TC), andoncewith theoptimizationof prior-
ity directedsearch(PD),eachavailablein PQP.

OBBBVHs arewell-suitedto intersectiondetection.They
performbetterthanourson someof thebenchmarks.How-
ever, they are very inefficient at distancecomputation21,
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Algorithm Interlocked Cupand SpiralPeg SpiralPeg Teeth Teeth
Tori Spoon LargeTori SmallTori Shifting OpenandClose

OBB 2.711 0.8761 0.276 0.459 0.514 0.841

18-dop 1.609 0.584 N/A N/A 24.69 17.79

18-dop(FT) 7.857 0.660 N/A N/A 91.67 20.65

CH 1.510 0.840 9.865 1.410 43.42 14.32

CH (FT) 0.696 0.505 3.505 0.966 0.177 4.190

Table 1: Performance of Various Algorithms on Intersection Detection.

Algorithm Interlocked Cupand SpiralPeg SpiralPeg Teeth Teeth
Tori Spoon LargeTori SmallTori Shifting OpenandClose

SSV(TC) 7.492 3.931 34.91 36.61 0.604 1.733

SSV(PD) 11.16 3.814 43.16 47.67 1.780 3.432

CH 4.424 1.728 11.81 2.720 54.73 20.23

CH (PC) 2.452 1.234 10.99 1.910 11.53 10.43

CH (PD) 2.562 1.284 11.88 2.009 7.152 9.937

CH (FT) 2.414 1.058 4.938 1.572 0.184 7.980

CH (PC,PD) 2.498 1.266 11.78 1.969 1.466 9.285

CH (PC,FT) 2.444 1.070 4.975 1.599 0.114 8.090

CH (PD,FT) 1.602 0.923 5.105 1.513 5.529 7.740

CH (PC,PD,FT) 1.612 0.919 5.113 1.526 5.653 7.957

Table 2: Performance of Various Algorithms on Exact Distance Computation.

andcannotbeusedto do contactdeterminationwithout ad-
ditional post-processingwhich can be costly. Eachof our
boundingvolumetestsyields muchmore informationthan
eithertheOBB or the18-dopoverlaptest,allowing usto an-
swer the morecomplex querieswithout additionalcompu-
tation. Furthermore,generalizedfront tracking works well
in parallelcloseproximity situationsasdo OBBs,ascanbe
seenin theshifting teethbenchmark.

Ouralgorithmoutperformsthe18-dopimplementationon
everybenchmark.The18-dopimplementationperformsbet-
ter without FT. We conjecturethat this could be dueto the
factthat its front trackingtechniquewasdesignedto handle
a complex staticscenewith a single relatively simplerdy-
namic object.Our generalizedfront tracking,on the other
hand,gives a performancegain on all of the benchmarks,
thusit is applicableto varioustypesof environments.

For exact distancecomputation,SSV BVHs are outper-
formedby our algorithmconsistentlyin four of the bench-
marks. In the shifting teeth benchmark,generalizedfront
tracking onceagaingives a noticeablespeedupand is the
bestoverall.Our distancecomputationin generalis veryef-
ficient,partly dueto thelargeconvex groupingat theleaves
of thehierarchy, andpartlydueto theVM subroutinewhich
is quiteefficientatcomputingdistance.All of thequeryopti-
mizationsyield improvementsin all thebenchmarks.Gener-
alizedfront trackingcombinedwith priority directedsearch

is the bestcombinationin the first two benchmarkswhile
front trackingaloneis thebestin theothers.

9. Conclusion

We have presentedan unified algorithmic framework that
providesmultiple typesof proximity queriesbetweengen-
eral polyhedralsolids. The three phasesof the algorithm
werediscussedandthe resultingperformanceevaluated.A
new algorithm for disjoint contactdeterminationwas pre-
sented,aswell assomequeryaccelerationtechniques.

Thereis still openresearchin eachof theareas.For con-
vex surfacedecomposition,otherheuristicsfor startingthe
surfacesearchingmayyield performancegains.Optimalhi-
erarchyconstructionremainsa hardproblemdueto thevast
differenceamongmodels.A combinationof bottom-upand
top-down constructionmay yield betterhierarchiesthan a
purelytop-down approach,at a reasonablecost.Finally, the
memoryrequirementsof ouralgorithmarehigherthanmost
commonlyusedboundingvolumehierarchiesandit maybe
possibleto perform lazy evaluationwith almostno degra-
dationin speed,ratherthanstoringtheentirehierarchiesin
memoryduringprecomputation.

Perhapsa multiresolutionhierarchycanbe built directly
on topof theoriginal surfacefor generalpolyhedra.Theex-
tensionof this methodto deformablemodelsis an exciting
challengeaswell.
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For moredetailsaswell asadditionalresults,pleaserefer
to thecompaniontechnicalreport13.
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Figure3: Two interlocked tori

Figure5: Spiral peg and three large bent tori

Figure 7: Scanned teeth model (over 40k polygons) shifting
laterally

Figure4: A cup and a spoon

Figure6: Spiral peg and three small bent tori

Figure8: Scanned teeth model (over 40k polygons) opening
and closing
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Figure 9: The surface decomposition of a head composed
of over 20k triangles. The different colors are randomly
assigned to the different patches. Regions of higher non-
convexity result in more patches like in the ear and eye. The
top of the head is fairly convex, yielding few patches.

Figure 10: A level of the hierarchy built for the head model.
The convex hulls have been translated outwards for easier
visualization. Green denotes ORIGINAL faces, yellow is for
CONTAINED faces, and the red faces are FREE.
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