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Abstract

We presenta novel algorithm that simulatesice formation. Motivated by the physical processof ice growth,
we developa novel hybrid algorithm by synthesizinghreetecniques:diffusionlimited aggregation, phase eld
methodsand stable uid solves. Each techniqgue mapsto one of the three stages of solidi cation. The visual
realismof theresultingalgorithm appeas to surpasshat of ead techniquealong particularly in animationsof
freezing In addition,we presenta faster simpli ed phase eld methodaswell asa uni ed parameterizatiorthat
enablesartistic manipulationof the simulation.We illustrate theresultson arbitrary 3D surfaces.

CategoriesandSubjectDescriptorgaccordingo ACM CCS) |.3.5[ComputerGraphics]Physicallybasednodeling

1. Intr oduction

Ice, in its mary forms, is an integral part of ary wintery
sceneanddirectly in uencesthe global climatesystem.Vi-

sual simulationand animationof ice formation is becom-
ing increasinglypopularin the visual effectsindustry with

computergeneratedce animationglayingaprominentole
in atleastthreerecentims: TheDay After Tomormow, Harry
Potter and the Prisoner of Azkaban and Van Helsing The
mostcommonlyusedechniquesisuallyinvolve someclever
combinationof particlesystemsand2D compositingWhile
thesetechniquesanbeeffective, they aredif cult to control
andtheresultscanvary widely.

Very little investigation hasbeenconductedn the mod-
eling of ice formationin computergraphics.Most research
hasfocusedon modelingandsimulatingdynamic uid me-
diasuchaswaterandsmole. Relatively few have dealtwith
complex phasetransitionand solidi cation processes-ur-
thermore,for certainforms of ice, suchasicicles, an ex-
actmathematicainodeldescribinghephysicalprocessloes
notyet exist. By contrast,in the computationaphysicsand
crystalgrowth communitiesan enormousamountof effort
hasbeendevotedto the accuratesimulationof solidi cation
processesasthey play animportantrole in the designand
evaluationof compositematerialsdistinctfrom thatof gen-
eratingvisually plausiblesimulationsn computermgraphics.

Main Contrib utions: In this paper we present novel, hy-
brid algorithmthat synthesizeshreesimulationtechniques:
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diffusion limited aggreation, phaseeld methodsandsta-
ble uid solvers.Our algorithmis motivatedby the thermo-
dynamicof crystalizationwhichis commonlybrokendown
into three stages Eachof the abose algorithmscan accu-
rately simulateonly one stageof the crystalizationprocess,
but by combiningall threetechniqueswe can accurately
simulatethe entire processAdditionally, we presenta sim-
pli cation of oneof thetechniquesthe phaseeld method,
that posesthe problem as an adwection-reaction-dffision
equation.We then presentan ef cient solution methodfor
this simpli ed formulation that accelerateshe phase eld
methodby morethana factorof two. Finally, we shav how
thesimulationcanbeparameterizetb provide intuitive user
control. Themainresultsareasfollows:

A physically-basednodelingapproachhatis inspiredby
thethermodynamicsf ice formation;

A novel discrete-continuoumethodthat combinesthree
techniques:diffusion limited aggreation, phase eld
methodsandstable uid solvers;

A fastersimpli ed formulationof thephaseeld method;
A unied parameterizatiorof simulationsthat enables
simpleartisticcontrolof visualresults.

We demonstratehe e xibility of our algorithmby simu-
lating over arbitrary3D surfacesof widely varying physical
scale.

Organization: The rest of the paperis organizedas fol-
lows. A brief surwey of relatedwork is presentedn Sec.2.
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In Sec.3, we summarizethe physics of freezingto moti-
vateouralgorithm.Thealgorithm,alongwith suggestedser
controls,is describedn Sec.4. We presenta simpli ed for-
mulationof the phaseeld methodandanef cient solution
techniguen Sec.5. In Sec.6, we demonstrat¢he resultsof
our simulations We discussthe limitations andgeneraliza-
tion of our hybrid algorithmin Sec.7. Finally, we conclude
with possibledirectionsfor futurework in Sec.8.

2. Previous Work

Oneof theearliestpapersn computergraphicson ary form

of ice growth is [KG93)], which presented simpleapproach
for icicle formation.Fearing] Fea0Q presenteé methodfor

simulatingfallensnav but this methoddealtpredominantly
with the drift anddepositionof snaw, not the procesof so-

lidi cation. RecentlyKim andLin [KLO3] presente@nap-

proachfor modelingsolidi cation on 2D surfacesusingthe

phaseeld method.

Phase elds methodsare well known in computational
physics and have beenstudiedin the crystal gronth com-
munity for almost20 years.They were rst publishedn the
context of solidi cation [Lan8§, and successfullyusedto
simulatesnav ak e-like growth for the rst timein [Kob93.
Notably, level setmethodshave achieved recentsuccessn
simulatingsimilar structure GFCOO03, and cancurrently
achieve highernumericalaccurag. However, giventhe sim-
plicity of implementatiorandthe nearlyidenticalvisualre-
sults,we preferphaseeld methodsn thiswork.

Diffusionlimited aggreation (DLA) is alsoa popularal-
gorithmfor crystalgronth. DLA was rst developedto sim-
ulatetheaggreationof metalparticled WS81], but thealgo-
rithm generalizeso themodelingof mary othernaturalphe-
nomenajncluding snav ak e grovth [FPV87, NS87. DLA
hasalsobeenusedto modelliquid surfacetension fracture
patternslightning formation,andbiologicalgrowth patterns
[Vic92]. In thegraphicditerature,Sumnef{ SumO01 hassuc-
cessfullyusedthe DLA algorithmto modellichen growth.
Dorsey andHanraharfDH96] useda similar algorithm,bal-
listic depositionfor modelingmetallic patinas.

3. The Processof Solidi cation

Our hybrid algorithmis motivatedby the procesf solidi -
cation.We will rst summarizeghethreestageof freezing,
andthendescribehow eachindividual stagecan be simu-
lated.In the next sectionwe will shav how thesethreesim-
ulationtechniquesanbeintegratedto accountor theentire
process.

3.1. ThreeStagesof Freezing

Given a free watermoleculeandanice crystal,the process
of solidi cation proceedsn the three stagesillustratedin
Figurel:

First, the watermoleculeis transportedo the surfaceof
thecrystal.Thisis calledthe chemicaldiffusionstage.
Secondjn orderfor the watermoleculeto be considered
frozen,it mustform two hydrogenbondswith the crystal.
The moleculewalks alongthe surfaceof the crystaluntil
it nds akink sitewhereit canform thesebonds.This is
calledthe surfacekineticsstage.

Finally, whenthe moleculeformsits hydrogenbonds,it
releases smallamountof heatthatthendiffusesthrough
spaceThisis calledthe heatconductionstage.

If all threeof theseprocessesccurat perfectlybalanced
rates,then we encounterthe ideal growth case.However,
idealgrowthis rarelyfoundin nature andtheprocesss usu-
ally limited by the slowestof thethreestages.

Whenthe rst stageis slowest, diffusionlimited growth
occurs.An exampleof this type of growth would be a crys-
tal surroundedy watervapor If a watermoleculehappens
to collide with the crystal, thenit can nd akink site and
releaseheat.However, thesecollisionsare a relatively rare
occurrencesothey becomehelimiting factor

Whenthe secondstageis slowest,kineticslimited growth
occurs.Thistypeof gronth canoccurwhena crystalis sub-
megedin anundercoolediquid. Recallfrom chemistrythat
anundercoolediquid is onewhosetemperaturdiasslowly
beenloweredbelow its freezingtemperatureSincethecrys-
tal is alreadysurroundedyy watermoleculesthe chemical
diffusionrateis nolongerafactor Insteadthelimiting fac-
tor is the speedat which watermoleculescan nd kink sites
onthesurface.

When the third stageis slowest, the crystal growth lit-
eraturealso refersto the caseas kinetics limited growth.
For clarity, we will referto it hereasheatlimited growth.
If the crystalis surroundecby a uid ow, thenthe ow
of heataroundthe crystalis altered.This phenomenorin-
uences the growth of the crystal becausehe numberof
kink sitesavailable on a crystal surfaceis proportionalto
the magnitudeof the local heatgradient.Consequentlyfor
sectionsof the crystalfacinginto the ow, heatis pushed
backagainstthe crystal, creatinga sharpheatgradientthat
promotegyrowth. Cornversely for sectiondacingaway from
the o w, heatis carriedaway from the surface,smearingout
thegradientandsuppressingrowth.

For further details on the stagesof solidi cation, the
readeiis referredto [Sai9q.

3.2. Diffusion Limited Growth

Thediffusionlimited growth casecanbe modeledby diffu-
sion limited aggreation (DLA). The basicDLA algorithm
was rst describedby Witten and SanderfWS81], andis
simpleenoughto be describednformally. Given a discrete
2D grid, assingleparticlerepresentinghe crystal(or “aggre-
gate") is placedin the center A particle calledthe “walker'
is thenplacedat arandomlocationalongthegrid perimeter
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Figure 1: A microscopicview of thethreestageof freezing.(a) In chemicaldiffusion a watermoleculearrivesat the crystal
(b) During surface kinetics, the moleculewalks the surfaceuntil it nds a kink site whereit canform 2 bonds(c) In heat
conduction it formshydrogenbondswith the crystalandreleaseeat.

The particlewalks randomlyalongadjacentgrid cells until
it eitheris adjacentto the crystalor falls off the grid. If it
is adjacento the crystal, it sticksandbecomegart of the
crystal. A new walker is theninsertedat the perimeterand
the randomwalk is repeatedThe procesgepeatauntil the
aggreate achievesthe sizethe userdesiresIf we think of
theaggr@ateasanice crystalandthewalker asa particleof
water thenthe correspondenc® the diffusion limited case
is straightforvard.

The[WS81] algorithmis referredto asan “on-lattice'al-
gorithm becauset takes placeon a 2D grid. However, on-
latticealgorithmsaresusceptibléo grid anisotropy artifacts.
As showvn in Figure?2(a), astheaggreategrows larger, four
distinctarmsemepge. Thesearmshave no physical justi -

cation,andare purely an artifact of the grid representation.

“Off-lattice’ algorithmshave beendeveloped[Mea83 that
do notsuffer from this artifact, but they canbe moreexpen-
siveto computeWe useon-latticeDLA becausé simpli es
the integration with the phase eld methodsandthe uid
solver, which alsotake placeon grids.

However, this selectionmeansthat our simulation will
suffer from grid anisotropy. Fortunately it is possibleto
male the artifactscorrespondo the characteristicof wa-
ter. By simulatingon a hexagonalgrid insteadof a square
grid, we canobtainthe6 distinctarmsof asnav ak e (Figure
2(b)). Thisresemblances no coincidencebecausehe2 hy-
drogenbondsnecessaryor ice formationinducesa hexag-
onallattice. By simulatingon a hexagonalgrid, we aremir-
roring this aspecbf ice.

3.3. Kinetics Limited Growth

The phase eld model of solidi cation [Kob93 simulates
preciselythe kineticslimited case:growth of a crystalin an
undercoolednelt. This situationmayseenrare,but in factit
frequentlyoccurs.In mostnaturalsettings aswaterreaches
its freezingtemperaturethe moleculesalreadylocatednear
acrystalwill freezevirtually instantly However, it will take
sometime for theice front to expandandengulfall thewa-
termoleculesDuring thistime, theunfrozenmoleculeswill
coolfurther, becomingundercooled.
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(@ (b)
Figure 2: Grid anisotroy in diffusion limited aggreation.
(a) Thefour armsof a squaregrid arenon-ptysical.(b) The
six armsof a hexagonalgrid mirror the structureof H,O.

Thephaseeld modelsimulategthis procesdy tracking
two quantitiesoveragrid: temperaturel , andphasep. This
modeleasilygeneralizeso threedimensionsThevariableT
tracksthe amountof heatwithin the grid cell. The variable
p tracksthe phaseof the grid cell, andis de ned over the
continuousrangel0; 1]. The valueO representsvater and1
representsce. We usuallythink of phaseasa binary quan-
tity, so this continuumof phasevaluescan be counterintu-
itive. A continuumof statesthatis crucialto the solidi ca-
tion processxists on the microscopidevel, but computing
theirvaluesdirectly would resultin anintractablystiff setof
equationsPhaseelds alleviatesomeof thenumericalprob-
lemsby magnifyingthe continuum suchthatthe stiffnessis
resohableon the simulationgrid.

Thephaseeld equationsareapairof coupledpartialdif-
ferentialequationgPDES):

fip _ 2 1 fle(q) Tp
tg =" @i P g et "
1 Te(a) Tp .
ty S0 g e
m_ 2 TP
ﬁ—r T+ Kﬂ (2)
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where:
oq) = &1+ dcogj(do ) @3)
A(pT) = pL ) p oZEmT) (@)
mT) = %afCtaﬂig(Te ) )

The symbolst, a, K, €, d, qo, g a, and Te are constants.
Unlessotherwisenoted,the valueswe usedarelistedin Ta-

ble 1. Thesevaluesin the table are taken from [Kob93.

The quantitiesm—f and g are computedby replacingthe

derivativeswith nite dif}[erencesandtheresultis thenused
to stepthe simulationusing forward Euler integration. Be-

causethe equationsarestill quite stiff, our timestepis lim-

itedto 0:0002.We will presentsimpli cation thatallows a

largertimestepin Section5. For a morein-depthdiscussion
of phaseeld methodsthe interestedreaderis referredto

[KLO3, Kob93.

a g Te j do e t d K

6.0 & o001

09 100 10 5

0.0003 0.1 15

Table 1: Simulationconstantdop: Equationsymbols;Bot-
tom: Settingsused For aphysicalexplanationof theparam-
eters,see[Kob93.

3.4. Heat Limited Growth

As describedn [AMWOO], the o w of heatarounda crystal
cansigni cantly in uenceits nal shapeWewill shav how
to producethe samevisual characteristicsising the uid
solverdescribedn [Sta99 and[FSJ0]. Suchsimulatorsare
commonlyavailable and provides a simple, practicalalter
native for modelingheatlimited growth.

4. A Hybrid Algorithm for Ice Growth

In eachof the growth typesdescribedn section3, a simpli-
fying assumptioris made Diffusionlimited growth assumes
the presencef watervapor andthe absencef liquid water
and uid o w. Kineticslimited growth assumeghepresence
of liquid water andtheabsencef vaporand uid o w. Heat
limited growth assumeshepresencef liquid and uid ow,
but the absencef vapor Thesesimpli cations areapparent
in the resultsfrom eachalgorithm. DLA forms a branch-
ing patternthat canlook morelike fungusthanice (Figure
6(a)), and phase eld methodsproducebrancheshat look
too smoothandthick (Figure 6(b)). Adding uids to either
alonedo not alleviatetheseproblems.

It seemghatan ervironmentcontainingall threefactors
(vapor liquid, and uid o w) would be the mostcommon
caself iceis forming on awindow, theremostlikely exists
watervaporin theair, moistureon thewindow, andatleasta
smallamountof wind. To properlysimulateice growth, we
shouldaccountfor all of thesefactors.

We have developeda novel, hybrid algorithmthat takes
into accountall three factorsby coupling the simulation
techniquesfor each of the three growth types. We will
presentthe algorithmin threeparts:the coupling of phase
eld methodsandDLA, thenphaseelds and uid o w, and
nally DLA and uid ow.

4.1. PhaseFieldsand DLA

Threenew stepsarenecessaryo integratephaseeld meth-
odswith DLA.
Placemenbf thewalker ontothe p (phase)eld;
Releasef heatwhenawalker sticks;
Introductionof a humidity term.

In the original DLA algorithm, the crystal can only grow
whena walker sticksto the crystal. However, in our hybrid
setting,the phaseeld simulationmayhave alsoalteredthe
position of the crystal. So, we perform our randomwalks
onthegrid for the p variablein thephaseeld simulation.If
thewalkeris adjacento acell with p> 0:5, thentheparticle
sticks,andwe setthevalueof thatcellto p= 1.

When a walker sticks, it forms hydrogen bonds with
the crystal, releasinga small amountof heat.The freezing
walkerwill releasdessheatthanif theliquid hasfrozen,be-
causewnalkeritself is alreadyfrozen,andthe bondswill only
form alongthe seanmbetweeritself andthe crystal.We must
modify Equation2 to accounfor this heatrelease:

Mor2reg oy TP (6)
fit it pr Tt bLa
where % or is the rate of changein p dueto the phase

eld simulation,and %’

DLA. We usea settingof L = % becauséondshave only
formedalongonefaceof the hexagonalgrid cell.

the rate of changedue to
DLA

Lastly, we mustintroducea humidity term, H, because
the original DLA simulationdoesnot containary notion of
time. At everytimestepH walkersarereleasednto thesim-
ulationdomain.IncreasingH correspondso increasingthe
humidity of the environment.NotethatH representsheto-
tal numberof walkersreleasednot just thosethat stick to
thecrystal. The correctsettingfor H is moreof anaesthetic
guestiorthana physicalquestionandis discussedurtherin
4.4,

If DLA is performedon a hexagonalgrid, thenit is pos-
sible to simulatephase elds on a squaregrid, and inter
polate betweenthe two representationddowever, this ap-
proachwill introducesmoothingartifactsinto the simula-
tion. This problemcanbe overcomeby runningphaseelds
onahexagonalrid aswell. Theonly modi cation necessary
is to switch from squarenite differencestencilsto hexag-
onal stencils.The weightson the hexagonalstencilcanbe
computeddy takingthe Taylor expansionandsolvingusing
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Figure 3: Finite differencestencilsfor a hexagonalgrid. (a)
y derivative (b) Laplacian.Stencilfor x derivative remains
thesame.

the methodof undetermineatoefcients [Atk89]. The sten-
cils areshavn in Figure3.

Integratingphase eld methodsandDLA may seemin-
correctat rst, becauséf liquid wateris presentthenkinet-
ics limited growth shoulddominate But, if we obsere that
kineticslimited growth anddiffusionlimited growth canco-
exist at differentscalesthis is no longertrue. Becausehe
vaporparticlesaremuchlargerthantheliquid moleculesthe
freezingvaporfront will expandmuchfasterthanthefreez-
ing liquid front. Oncethe vaporhas lled the domainwith
branchestheliquid will take overandfreezeeverythinginto
asolid plate.

4.2. PhaseFields and Fluid Flow
Anderson,et al. [AMWOO] derived a model that couples

the phaseeld equationsandthe Navier-Stokes equations.

Ratherthanusingthis more complex formulation,we have
found the major featuresof solidi cation in a ow canbe
capturedby simply adwectingthe heat eld with the“Stable
Fluid” solver describedn [Sta99.

[AMWOOQ] doesnot presentary simulationresultsvisu-
ally, so we will insteadcompareour resultsto those of
[ARTOZ]. Sincethis paperdoesnot usea phaseeld model,
exactly matchingsimulation parametergor comparisonis
dif cult. Fromthis paperwe obsenre thefollowing features
of gronthina ow:

Fastgrowth in regionsfacingupstrean{into o w)

Stuntedgrowth in regionsfacingdownstream(away from

ow)

Asymmetricgrowth in regionsperpendiculato the o w.

We canreproduceall of thesefeaturesusingthe couplingof
phaseelds methodsanda “StableFluid” solver.

We treat the crystal as an internal obstaclein the uid
solver. After eachpair of phaseeld andDLA stepswe set
ary grid cell with p> 0:5 to anobstacldn the uid domain.
Wethensetthevelocitiesin theobstaclénteriorto zero,and
alongtheobstacléboundaryto theno-slipcondition.Theve-
locity eld u is thenadwancedasdescribedby [Sta99. For
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(@) (b)

Figure4: A 4-armeddendritegrowingin a o w. Left wall is
setto in o w, andotherwalls aresetto out ow. (a) Results
from [ARTOZ2] (b) Resultsfrom our method.

a lucid descriptionof implementinginternal obstaclesand
variousboundaryconditions pleasereferto [GDN97].

The resultantvelocity eld u canbe usedto advancea
density eld. In thiscasethedensity eld is thetemperature
eld T fromthephaseeld simulation.Notethatif the uid
solverimplementsa diffusion constanfor the density eld,
it mustbesetto zero.Obsenethatthe PDEfor atemperature
eld T (Eqgn.2) andthe PDE for a moving density eld r
(Eqgn.7) bothcontainthe diffusionoperatorr 2

Ir _

-
If thediffusionconstank in Eqn.7 is nonzerothenthetem-
peratureeld T will incorrectlybe diffusedtwice; onceby
Eqgn.2 andonceby Eqn.7. If k is setto zeroin Eqn.7, the
correctresultis obtained.

(ur)r+kr?r @)

In the examplesof [ART02], the crystalsaregrown from
a dot of ice in the center The left wall is setto aninow
condition,and the otherwalls are setto an out ow condi-
tion. The equivalentof the j parametefrom the phaseeld
equationss setto 4, meaninghatfour axis-aligneddendrite
armsaredesired Theresultsof their simulationareshavn in
Figure4(a), andthethreegrowth featuresmentionedearlier
areclearlyvisible. Theresultsof our simulation,with simi-
lar settingsareshavn in Figure4(b). Althoughthefeatures
do not align exactly, our methodclearly produceghe same
growth features.

4.3. DLA and Fluid Flow

The integrationof DLA andsimplied uid ow hasbeen
studiedby the physics communityin the past.In particu-
lar, [NS91 modelsthe uid asauniformvelocity eld, and
[TDcT92 use Lattice Boltzmann-typecellular automata.
However, we requireno suchsimpli cation. Sincethe DLA

and phase eld simulationssharethe p eld, integrating
phaseeld methodsandwith the uid solver automatically
integratesDLA with thefull setof Navier-Stokesequations.
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Additionally, the uid velocities should in uence the
walker. Whenthe walker is steppeda randomdirectionis
chosenas before,but the uid velocity of the currentgrid
cell is alsoaddedto that direction. It seemsasthoughthe
velocity shouldbe multiplied by atimestepput it is unclear
whatthis timestepshouldbe becaus®LA lacksary notion
of time. Using the timestepof the overall simulationdt is
not entirely correct,becausehe timespansimulatedby the
particleisthendt (#ofseps), notjustdt. However, scaling
by this value producedacceptableesults,soit wasusedin
our currentimplementation.

4.4, UserControl

Kim andLin [KLO3] suggested seedcrystalmapandmelt-
ing temperaturenapascontrolsfor the phaseeld simula-
tion. Our hybrid algorithmcanbe effectively controlledus-
ing thesesameparametersaswell asanadditional tunable
morphology'control,andthe humidity termH from section
4.1

The melting temperaturemap is a userspeci ed eld
whosevaluesrangeover [0,1]. A valueof 1 indicatesfully
promotedgrowth, 0 indicatesfully suppressedrowth, and
intermediatevalues representvarying degreesof desired
growth. The melting temperaturanap candoubleas a se-
mantically identical “sticking probability’ map for DLA.
Whenthewalkeris adjacento thecrystal,arandomnumber
over [0,1] is chosenlf the numberis lessthana “sticking
probability' [Vic84], thenthe walker freezes;otherwise, it
continueswalking. In basicDLA, the “sticking probability’
is essentiallysetto 1 everywhere.

Additionally, the user may alternately desire different
growth typesfrom thecrystalmorphologyfrom therandom,
lichen-like growth in Figure5, to theregular, snav ak e-like
growth in Figure2(b). Theseeffectscanbe controlledusing
the multiple-hit averagingtechniqueof [NS87. In orderfor
agrid cell to freeze n walkersmuststick atthatcell. In basic
DLA, n= 1, butbyincreasingn, increasinglyregulargrowth
patternsareobtained.

The humidity control describedin 4.1 allows a way of
controllinghow “brancly' or “frosty' the resultsappearAt
very high humidity, we obtain the extreme branchinesof
the DLA algorithm,andat very low humidity, the smooth
featuresof the phaseeld algorithmdominate.Usually we
would like the leading edge of the ice front to be very
brancly, with a rapidly thickeningfront trailing not too far
behind.

5. Faster PhaseField Methods

The performanceof our hybrid algorithm is limited by
the timesteprestriction of the phase eld methods,so a
methodfor increasinghetimestefs desired[KLO03] reports
that midpointand RK4 are unableto increasethe timestep
enoughto justify their expensesotechnique®therthanlin-

earmultistepmethodsarerequired.

Figure 5: Isotropiclichen-like growth.

Recallthe PDEfor phase:

fip _ 2 1 fe(q) Tp
tﬂt (e(a)r p) i &q) <~ 9 Ty
| fie(a) fip .
+ﬂ/ &) - 19 T +n(p;T)

We rst obsere that the partial derivative terms can be
thoughtof asthe sumof the entriesin a variablecoefcient
Hessianmatrix. Equationsl and 2 resemblethe reaction-
diffusion equationsdescribedn [Tur91, WK91]. However,
only thediagonalentriesof theHessiarareusedin [WK91].
To seeif sucha simpli cation canbe appliedhere,we ran
experimentswith a forward Eulerimplementationpmitting

1 ofelp 1 afefp
the * Sty Ty S term. Althoughthe results

arenoticeablysmootherthebranchingeaturegsemainedhe
same.Informally we canthink of this astruncatinghigher
ordertermsfrom the non-lineardiffusion operator A more
formalanalysisasto the physicalsigni canceof thistrunca-
tion is complicatecandintroduceso additionalinsight,and
thusis omittedhere.

A simpli ed phasePDE cannow bewritten:
'ﬂp

ﬁ - r
If we applytheidentity r
this becomes:

“p— r o) r p+ Q)% 2p+n(piT):  (8)

Thisis anon-I|nearadvection-eaction-difusionequationlf
wenow applyasecondrderaccuratéemporakchemethen
we will be ableto take larger timestepsFor compactness
of notation,we will abbreviate e(q)2 to a, and denotethe
value of p at grid coordinate(i; j) andtimestepn as pi”;j.
Theschemesvill only beshavn in the x direction,with the
y directionfollowing by symmetry

(e(@)?r p)+ n(p;T)

(@% p)=r a? r p+a’r ?p,

5.1. SecondOrder Accuracy In Time

The Lax-Wendioff schemeis appliedto the adwectionterm
r e(q)2 r p. Wereplacetheold scheme:

Taflp & 1j @i+yj Pl 1j pin+1;j

Tx fx Dx Dx
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with the Lax-Wendrof scheme:
Tafp ai 5j aQi+y; P onj P
X x Dx Dx
ai 1j aierj 201 200+ Pl
Dx (Dx)?

Next, the Crank-Nicolsondiscretizationis appliedto the
diffusionterm,e(q)?r 2p. We replacethe old method:

2112_p 2 P 200+ P

x2 (Dx)?
with the Crank-Nicolsorscheme: |
aj Pl 2P+ Pikaj . pin+1l;j ZpF;erlJ' p|n++111
2 (Dx)2 (D)2

Sincethis discretizationis implicit, a sparsdinear system
mustnow besolved.

In practice,Red-BlackGauss-Seiddlterationis the best
solution method. The systemcornvergesto working preci-
sionin lessthan10 iterations,soa multigrid solver will not
likely give betterperformanceConjugategradientcannotbe
appliedbecausehe systemis not symmetric,and nding an
optimalrelaxationvaluefor SORIis dif cult becaus¢hema-
trix eigervalueschangeevery iteration. For more informa-
tion on iterative solutionmethodsgfor linear systemsplease
see[Dem97.

5.2. PerformanceAnalysis

Usingthis second-ordemethod thetimestepcanbequadru-
pled to 0.0008.If the linear systemis solved to working
precision thenno signi cant performancegain is obsered.
However, experimentdave shovn thatsolvingthesystento
within5 10 3, givesresultsthatarevisually indistinguish-
able from the precisesolution,and achievesup to a 2.27x
speedupTheresultsaresummarizedn Table?2.

Resolution Euler WP RP Speedup
128x128 9sec 7 sec 4sec 2.25x
256x256 84sec 79sec 37sec 2.27x
512x512 801sec 871sec 392sec 2.04x

1024x 1024 6864sec 8509sec 3443sec 1.99x

Table 2: Phaseeld performancever differentresolutions.
Euler timestepis 0.0002,secondordertimestepis 0.0008.
In WP column, the systemis solved to working precision
(10 8). In RP column,the systemis solvedto reducedpre-
cision(5 10 3). Thelastcolumnis thespeedumf RPover
Euler

6. Implementation and Results

We implementonestepof the hybrid algorithmas:
for 1:H
insert  walker
simulate  walker

onto p field
on p field
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end

step phase fields

copy p > 05 to obstacle field
step fluid  velocities

step density/temperature field

Thephaseeld simulationand uid solver requiredno sig-
ni cant alteration.The DLA simulationwasalteredto walk
onthe p eld, insertheatinto the T eld, andaccountfor
uid velocities.Thep eld wascopiedinto theobstacleeld
by ahigh-level class With C++implementationsf all three
algorithms,only about100additionallines of codearenec-
essaryto implementthe hybrid algorithmon a squaregrid.
To simulateon a hexagonalgrid, more signi cant changes
areneededbut the sizeof the coderemainsaboutthe same.
A displacemenmapwasgeneratedrom the simulationre-
sultsby accumulatinghe '”—f valuesover the lifetime of the
simulationandnormalizingthevaluesto the[0; 1] range The
resultswerethenrenderedn 3DSMax 5.

Figure  Resolution H Timesteps  Sim.Time
7 1024x 1024 60000 200 2hrs
6 256x 256 Variable 300 4 min 16sec
9 512x 512 100 1600 4 min 32sec
10 1024x 1024 4000 350 3 min 35sec

Table 3: Timing resultsfor simulation, excluding rendef
ing time. For aesthetieffect in Figure 6, the humidity was
startedat 300andincreasedy 50 afterthe 75thtimestep.

We ran our simulationat variousphysical scalesthe mi-
croscaleof asnav ak e,themesoscalef apintglassandthe
macroscalef anautomobilewindsheild.Dueto the fractal
natureof ice, our algorithm scalesnaturallyamonga wide
variety of physicalscales.

All of the simulationswererun ona 2.66 Ghz Xeon pro-
cessoywith timing results(excludingrenderingime) shavn
in Table 3. In Figure 6, thein ow uid velocity alongthe
top edgewassetequalto 0 alongtheleft wall andincreased
quadraticallyto 3.5approachingherightwall. In Figure10,
thetop edgewassetto a parabolicin o w of 3.5in the cen-
ter andO at the ends.The samesimulationwasusedfor the
hood,sidepanel,andwindshield.For all simulationsdx, dy
weresetto 634 to keepthetimestepx ed.

7. Resultsand Discussion

In this sectionwe presentheresultsof our simulation,dis-
cussthelimitationsandgeneralizatiorof thetechniques.

7.1. Comparisons

In Figures6-10, we shav imagesof a snawv ak e pattern,
a frozenwindow pane,simulated(ice) frost forming on a
chilled glass,andice on a carin a wintery scene We also
presenta side-by-sidecomparisonbetweenimagesof the
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real sceneand the simulatedscenefor two: the snav ak e
andchilled glass.

In Figure 6, we comparethe resultsof visual simulation
from DLA, phaseeld methodgKLO03], andour hybrid al-
gorithm. Notice that the hybrid algorithmis ableto repro-
ducemorerealisticice gronth comparedo eitherDLA or
phaseeld methodsalone.

For Figure 7, the snow ak e scene the insetphotograph
shaws that the overall shapeand distribution of armshas
beenreproduced.Most notably the intricate network of
veinsinternalto the borderof the snow ak e have beenpro-
duced.Phaseelds (i.e. the methodof [KLO3]) and DLA
canrespectiely producethe internal veins and the thick-
enedouter border but neithertechniquecan produceboth
featureswhile our hybrid algorithmproducesoth.

Validating the chilled glass posesa big challenge,as
chilled glassesfrost over almostinstantly when removed
from afreezer For comparisorpurposesn Figure8, theini-
tial conditionsof the chilled glasssimulationwere altered
slightly so that somegrowth also occurredalong the top
edgeof the glass.Although a direct comparisoris dif cult
in theabsenc®f moresophisticatedenderingwe notethat
the ™ ngering' of theice alongthe leadingedgeof thefrost
hasbeenfaithfully reproducedAway from leadingedge the
frost in the photo hasfrozeninto a solid sheet.Our simu-
lation producesthe sheetfaithfully aswell. The ngering
alongtheedgeis afeatureof diffusionlimited growth, while
the sheetis a kineticslimited phenomenaNeitherDLA nor
phaseelds canproduceboth featuresput the hybrid algo-
rithm reproduce$oth.

Validatingresultsof ary physicalsimulationcanbe chal-
lenging,but this taskis prohibitively dif cult for ice forma-
tion, especiallyfor outdoorenvironments,e.g.on the win-
dow or onthe carhood.In suchervironments a plethoraof
factorscan affect the growth of ice patternin a signi cant
way atary giventime duringtheformationstage.

7.2. Limitations

Our currentimplementations limited by the 2D treatment
of uid ow, which assumeghat the wind velocities are
roughlyparallelto thesimulationdomain.To handletheper
pendicularcasea full 3D uid solweris necessaryandwe
planto addthis featureto our existing framevork. Ouralgo-
rithm alsocannothandlethick featuressuchasicicles. The
thermodynamicsf icicle formationdiffer from thecasepre-
sentechereandthe surfacetensionplaysa dominantrole in
theformationprocessFurthermorethemathematicamodel
for the physical procesf icicle formationis still unknavn
andpresentaninterestingresearctthallenge.

7.3. Generalization

In a generalsensewe have developeda novel methodof
texture synthesis.Our statementof the phase eld equa-

tions as a non-linear adwection-reaction-dffision system
shaws thatthey represena more generalclassof phenom-
enathanpurereaction-difusion.In additionto the competi-

tive morphogensisuallypresenin areaction-difusionsys-

tem[WK?91], thehybrid algorithmaddstwo complementary
morphogensperatingat differentscales.

In the absenceof a uid ow andwith isotropicgrowth
settings,this synthesismethodcan be considereda Lapla-
cian growth algorithm [NPW84. With the addition of
anisotroy and uid ow, it becomesa non-Laplacian
grawth [RK93] algorithm. As such,it hasthe potentialto
increasaherealismof otherLaplacianphenomenasuchas
the formationof cracks,the formationof lightning, andthe
growth of trees.

8. Conclusionsand Futur e Work

We have presenteda novel, hybrid algorithmfor modeling
ice formation, a setof parametergor the algorithm,anda
methodof acceleratingone of its main componentsBased
onthesimulationresultsourhybrid algorithmappearso ac-
countfor amorediversesetof growth patternswith ahigher
degreeof realismthanary previoustechnique.

Several issuesstill exist for further re nement. An un-
conditionally stable algorithm would be ideal for phase
eld methods,but the non-linearnature of the equations
males the derivation dif cult. For DLA, ideally an arbi-
trary anisotropy functioncouldbeimposedonasquaregrid,
but while someimpressve recentwork hasproducedtrue
isotropy on a squaregrid [Bog01], arbitrary anisotroy re-
mainselusive. For alargehumidity, DLA canbetheslowest
componenbf thesimulation sopotentiallyfasteralternatve
solution methods,such as dielectric breakdevn [NPW84
andHastings-Leitov conformalmapping HL98], areworth
investication.

Finally, we have yetto addresshe renderingissuesasso-
ciatedwith ice growth. Iceis composeaf highly anisotropic
mesofhcetsthat exhibit strongspectraldispersion As such,
it seemdo inhabita mesoscalén betweerthe macroscopic
featuresof texturesand the microfacetfeaturesof BRDFs,
makingrealisticrenderingdif cult. Furtherstudyis needed
to capturetheir sparkling,rainbawv features.
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Figure 7: Snov ake growth We shawv how our algo-
rithm canproducemicroscaledetail, suchasthe armsof a
snav ak e. Inset: Photoof arealsnav ak e.

Figure 6: Comparisonof algorithms Top to bottom: Our
hybrid algorithm;DLA only; phase elds only (methodof
[KLO3])

Figure 8: Validation. Top: Closeupof chilled glasssimula-
tion. Bottom: Photograplof ice onachilled glass.
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Figure 9: Frostyice forming on a chilled glass.Topto bot- Figure 10: Ice Accumulatedon a car. Top to bottom: 50
tom: 160timestepsB800timesteps1300timesteps timesteps100timesteps125timesteps
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