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Figure1: Multiple deformable modelssimulation: Thissequenceshowsthepositionsof theobjectsat threetimeinstancesin a simulation.
Theenvironmentinitially consistsof 10 deformingobjectsrepresentedusing5:5K triangles. As thesimulationproceeds,theobjectsbreak
into 25 sub-objects.Our algorithm is able to perform collision and separation distancecomputations,including self-collisions,among
dynamicallygeneratedobjectswithin 120msona high-endPC.

Abstract

We presentnovel algorithms to perform collision and distance
queriesamongmultiple deformablemodelsin dynamicenviron-
ments.Theseincludeinter-objectqueriesbetweendifferentobjects
aswell as intra-objectqueries.We describea uni�ed approach to
computethesequeriesbasedon N-bodydistancecomputationand
usepropertiesof the2ndorder discreteVoronoi diagramto perform
N-bodyculling. Our algorithmsinvolveno preprocessingandalso
work well on modelswith changingtopologies. We can perform
all proximityqueriesamongcomplex deformablemodelsconsisting
of thousandsof triangles in a fraction of a secondon a high-end
PC. Moreover, our Voronoi-basedculling algorithm can improve
theperformanceof separation distanceandpenetration queriesby
anorderof magnitude.

CR Categories: I.3.5 [Computing Methodologies]: Compu-
tational Geometryand Object Modeling—Geometricalgorithms;
I.3.7 [Computing Methodologies]: Three-DimensionalGraphics
andRealism—Animation,virtual reality

Keywords: Deformablecollisions, self-collisions, penetration
computation,distance�elds, N-bodyqueries

1 Intr oduction

We addressthe problemof geometricproximity query computa-
tion amongmultiple deformablemodels for interactive applica-

tions.Thesetof proximityqueriesincludescollisiondetection,sep-
arationdistanceandpenetrationdepthcomputation.Thesequeries
areperformedamongdifferentobjects(i.e. inter-objectqueries)or
within thesameobject(i.e. self-collisionor intra-objectqueries).

Interactive simulationsystemswith deformingobjectsareusedin
many diverseapplications,includingsurgical simulation,robotics,
computergames,computeranimation,hapticsandbioinformatics.
The threemain componentsof suchsystemsaredynamicsimula-
tion, collision detectionandcontactresponse.Differentproximity
queriesareneededto performeachof thesecomponents.For exam-
ple, penetrationdepth(PD) computationis often usedto compute
contactforcesin penalty-basedmethods[Heidelbergeret al. 2004;
Kim et al. 2002]. Separationdistancesareusefulin computingthe
repulsive forcesor estimatingthe time of contactbetweenmoving
objectsin a discretizedsimulation[Baraff andWitkin 2001; Kim
et al. 2002]. Robust simulationsof cloth dynamicsmay require
penetrationdepthcomputation[Baraff et al. 2003] or continuous
collisiondetection[Bridsonetal. 2002].

The problemof fastandreliablegeometricproximity querieshas
beenextensively studied.Despitethevastliterature,real-timeprox-
imity queriesremainoneof the major bottlenecksfor interactive
deformablesimulation[Teschneret al. 2005;Mueller et al. 2005].
Many existing methodsare basedon hierarchicalrepresentations
andwork well for rigid models.Severalef�cient collisiondetection
algorithmshavebeenproposedfor deformablemodels,but they do
not computeseparationor penetrationdistances.Oneof the chal-
lengesin the areais to perform fast N-bodyproximity queriesin
scenescomposedof multipledeformingobjects.

1.1 Main Results

Wepresentnovel algorithmsfor fastproximity computationamong
multipledeformablemodels.Ourapproachinvolvesnopreprocess-
ing and is applicableto all triangulatedmodelsundergoing non-
rigid motion. In order to perform different proximity queriesin



complex environments,wepresentthreekey results:

N-body distancequery: We introducea uni�ed approachto per-
form differentproximity queriesusingN-bodydistancecomputa-
tion: given a set P of primitives, for eachprimitive pi we com-
pute the closestprimitive in P n f pi g. We alsopresentef�cient
algorithmsfor continuouscollision detectionandlocal penetration
depthcomputationbasedon theN-bodydistancequery.

Voronoi-basedculling: We usepropertiesof Voronoidiagramsto
performthe N-body distancequeryef�ciently . The closestprim-
itive to any primitive (pi ) is one of the Voronoi neighborsof pi .
Therefore,the Voronoi diagramof primitives is an ef�cient data
structureto performN-bodydistanceculling. We usethe2ndorder
Voronoi diagram becauseit provides informationabouttwo clos-
estprimitivesat eachpoint in spaceandresultsin a higherculling
ef�ciency.

Fastand conservativecomputationsusingdiscreteVoronoi dia-
grams: Theexactcomputationof continuous3D Voronoidiagrams
for generaltriangulatedmodelsis ahardproblem.Instead,wecom-
putediscreteVoronoi diagramson a uniform grid usinggraphics
hardware. We exploit propertiesof the 2ndorderVoronoi diagram
to derivedistanceerrorboundsthattake into accountdiscretization
andsamplingerrorsin discreteVoronoidiagrams.We usethedis-
tanceboundsto ef�ciently computetheclosestprimitive at object-
spaceprecisioni.e. IEEE64-bit �oating pointaccuracy.

Wehave implementedouralgorithmsonadesktopPCwith ahigh-
endCPUandGPU.We demonstratetheeffectivenessof our algo-
rithmsfor differentproximity queriesin severalscenarios:N-body
deformablesimulationwith tensor hundredsof deformingobjects
andclothsimulationwith many thousandsof triangles.Theperfor-
manceof ouralgorithmsvariesbetween100� 800msec,depending
on thecomplexity of thesceneandtherelative con�gurationof the
primitives.As comparedto prior methods,ouralgorithmoffersthe
following advantages:

• Direct applicability to multiple breakingobjectsor models
with changingtopologies;

• Improved culling ef�ciency and signi�cant reductionin the
numberof falsepositives;

• Up to anorderof magnitudefasterruntimeperformanceover
prior techniquesfor separationdistanceandlocal penetration
depthcomputationbetweenmultiple,dynamicallydeforming
objects;

• Interactive self-proximityquerycomputationon complex de-
formablemodels.

1.2 Organization

Therestof thepaperis organizedasfollows. Webrie�y survey pre-
viouswork on proximity queriesin Section2. Section3 describes
the N-body distancequerythat is usedto performdifferentprox-
imity queries. We presentour Voronoi-baseddistanceculling al-
gorithmin Section4 andusethis algorithmto performinter-object
andintra-objectqueriesin Section5. Section6 describesour im-
plementationandhighlightstheperformanceof ouralgorithms.We
analyzeour algorithmsandcomparetheir performancewith prior
methodsin Section7.

2 Related Work

The problemsof collision detectionanddistancecomputationare
well studiedin theliterature.Wereferthereadersto recentsurveys
[Ericson2004;Lin andManocha2004;Teschneret al. 2005]. In

Figure2: Cloth simulation: Thecloth meshis composedof 15K
triangles and has a high numberof triangles in closeproximity.
As the simulationprogresses,the cloth wraps around the sphere
and the simulationgeneratesmanycomplex folds. Our algorithm
is ableto performcontinuousself-collisiondetectionamongall the
triangleswithin 800msec.

this section,we brie�y discusssomeof the prior algorithmsfor
deformablemodels.

2.1 N-bod y algorithms

Many N-body culling algorithmsthat reducethe numberof pair-
wisetestshave beenproposed.Theseincludealgorithmsbasedon
spatialgrids andoctrees[Ericson2004],and3D sortingbasedon
tight �tting axis-alignedboundingboxes[Cohenetal. 1995].More
recently, GPU-basedalgorithms[Govindarajuet al. 2003; Govin-
darajuet al. 2005] useocclusionqueriesto computepotentially
colliding setsof overlappingobjects.Mostof thesealgorithmshave
beenlimited to N-bodycollision detectionandtheir culling perfor-
mancevariesbasedon therelativecon�gurationof theobjects.

2.2 Bounding volume hierar chies

Boundingvolume (BV) hierarchiesare widely usedfor collision
detectionand separationdistancecomputation. Most proximity
computationalgorithmsfor deformablemodelsusehierarchiesof
spheresor use axis-alignedboundingboxes (AABBs) [Agarwal
et al. 2004; van den Bergen 1997; Larssonand Akenine-Möller
2001; JamesandPai 2004]. However, thesehierarchiesmay not
beableto performsigni�cant culling in closeproximity con�gura-
tionsor for self-proximityqueries.Thus,they canresultin a high
numberof falsepositives.

2.3 Deformab le model collision detection

Many specializedalgorithmshave beenproposedto performcol-
lision querieson deformablemodels. Theseinclude GPU-based
algorithms[Knott andPai 2003;Govindarajuet al. 2005]for inter-
objector intra-objectcollisions. Othermethodsfor self-collisions
arebasedon the“curvaturetest” [Volino andThalmann2000]and
thesecanbecombinedwith BV hierarchies.Teschneret al. [2003]
usespatialhashingtechniquesto checkfor inter-objectcollisions
andself-collisions.All of thesealgorithmsperformonly collision
queries.

2.4 Distance and penetration queries

Mostprior distanceandpenetrationcomputationalgorithmsarede-
signedfor pairwiseinter-objectseparationdistancequeries.These
includealgorithmsbasedon hierarchiesof spheres[Quinlan1994]



or rectangularsweptspheres[Larsenetal. 2000]or differentmodel
types [Johnsonand Cohen 2004]. Techniqueshave been pro-
posedto updatethehierarchiesincrementallyfor deformablemod-
els[SundarajandLaugier2000].

DistanceFields: 3D discretedistance�elds canbeef�ciently com-
putedusinggraphicshardware [FischerandGotsman2005; Sigg
et al. 2003; Sudet al. 2004; Sudet al. 2006a]. The discretedis-
tance�elds canbe usedto performinter-objectproximity queries
betweendeformablemodelsat image-spaceresolution [Hoff et al.
2002;Sudetal. 2006a].

Penetration Depth Computation: Ef�cient penetrationdepth
computationalgorithmshave beenproposedfor rigid polyhedral
models[Kim etal.2002],but they involveconsiderablepreprocess-
ing. Many approximatePDcomputationalgorithmsfor deformable
modelsarebasedon GPU-basedcomputations[Hoff et al. 2002;
RedonandLin 2006],precomputeddistance�elds [FisherandLin
2001]or spatialhashing[Heidelbergeretal. 2004].

2.5 Voronoi diagrams

The Voronoi diagramis regardedas a powerful proximity data
structurein computationalgeometry[Okabeet al. 1992]. In re-
lation to 3D proximity queries,externalVoronoiregionshave been
usedto performcollisionanddistancequeriesbetweenrigid objects
thatcanberepresentedastheunionof convex polytopes[Lin and
Canny 1991; EhmannandLin 2001; Mirtich 1998; Kawachi and
Suzuki2000].Thesealgorithmshavebeenimplementedwithin dif-
ferentproximity querypackagessuchasI-COLLIDE, V-CLIP and
SWIFT++. However, it is dif�cult to extend thesealgorithmsto
generalnon-convex or deformablemodels.

3 N-bod y Distance Query

Our goal is to performboth inter-objectand intra-objectqueries.
The inter-object queriesare performedamongdifferent objects.
The intra-objectsqueriesareperformedbetweenthe non-adjacent
featuresof anobject. Two givenfeaturesareclassi�edasadjacent
if they shareeitheracommonedgeor avertex.

We make no assumptionsabout the motion of the objectsand
thesescenesmay includebreakingobjectsor modelswith chang-
ing topologies. In this section,we introducethe “N-body dis-
tancequery” and usethis formulation to perform different prox-
imity queries.

3.1 Notation and Terminology

We�rst describethenotationusedin thepaper. Givenasimulation
environmentconsistingof n deformingobjects,O1 ; O2 ; : : : ; On ,
we assumethat eachobjecthasbeentriangulatedandwe usethe
symbolf i to denotetheboundaryfeaturessuchasthetriangles.For
example,the boundaryof Oi is representedasf f i

1 ; f i
2 ; : : : ; f i

n i g,
wheren i is the numberof featuresin Oi . The positionof these
featuresis updatedduringeachstepof thesimulation.

N-body DistanceQueries: Givenm sites,P = f p1 ; p2 ; : : : ; pm g,
wherethesitesmaycorrespondto theobjectsOi or their features
f i

j , let d (pi ; pj ) denotetheEuclideandistancebetweenpi andpj .
TheN-bodydistancequerycomputestheclosestsitein P nf pi g to
eachpi . A site,pk , is theclosestsiteto pi , if d (pi ; pk ) � d (pi ; pl )
for every l 6= i , wherek 6= i . Later, in Section4 we present
Voronoi-basedalgorithmsto performtheN-bodydistancequeryef-
�ciently .

It is obviousthattheN-bodydistancequerycanbeusedto perform
separationdistancequeries.Wenow presentalgorithmsfor ef�cient

Figure3: N-body distancequery: In this cloth mesh,wecompute
theclosestnon-adjacenttrianglefor everytrianglein themesh.The
whitearrowshighlight theclosesttriangle to each triangle.

collision detectionandpenetrationdepthcomputationbasedon N-
bodydistancequery.

3.2 Collision Detection

The collision querycheckswhethertwo objectsintersectand re-
turnsall pairsof overlappingfeatures.We considertwo kinds of
collision queries:discreteandcontinuous.The discretecollision
queryis performedat a speci�c or discreteinstanceof thesimula-
tion. Thediscretecollision detectionqueryis a specialcaseof the
N-bodydistancequery, in which we checkwhetherany d(pi ; pk )
is zero.Eventually, we reportall theintersectingsites.

In continuouscollision detection(CCD), we interpolatethe mo-
tion betweenfeaturesfrom two successive instancesof thesimula-
tion. The CCD querycomputesthe �rst time of contactbetween
any two primitiveswithin thetime interval. Thequeryis ef�ciently
performedby culling away primitive pairs whosesweptvolumes
do not overlap [Redonet al. 2004]. As a result, CCD computa-
tion reducesto a volumetriccollision detectionproblembetween
the sweptvolumesof the primitives. We usethe N-body distance
queryto checkfor volumetricoverlapsamongthe primitives. We
�rst computetight boundingprismsthatenclosethesweptvolumes
of theprimitives. Givena pair of primitives,we performthevolu-
metricoverlaptestusingthesigneddistancefunctionbetweenthe
boundingprismsof the primitives(see�gure 4). The signeddis-
tancefunction of the boundingprismsrepresentsthe interior, and
exterior regionsof theprisms. By convention,thesigneddistance
valuesin the interior of anobject/prismarenegative. Speci�cally,
for any two primitivespi ; pj , weusethefollowing propertiesof the
signeddistancefunctionto performvolumetricoverlapculling:

• PerformelementaryCCDtestsbetweentheprimitivesif there
existsa point suchthatthesigneddistancesof thepoint to pi

andto pj areboth� 0.

• Do notperformelementaryCCDtestsbetweentheprimitives
if thereexists no point whosesigneddistancesto pi andpj

areboth� 0.

Theabove formulationcorrespondsto computinga distancequery
betweenthe two primitivesusingsignedEuclideandistancefunc-
tions. Our approachcan be directly extendedto n primitives by
performingN-bodydistancequeriesusingthe2ndorderVoronoidi-
agramof then primitives.

3.3 Penetration Depth (PD) Computation

The PD querymeasuresthe extent of overlapbetweentwo inter-
sectingobjects.We assumeOi andOj areorientable2-manifolds
in the region of penetration.This guaranteesthat we have a well
de�ned `interior' for eachpenetratingobject. We de�ne PD asthe
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Figure4: Continuous Collision Detection for two polygonsO1

and O2 : Two polygons,O1 andO2 , moveto positions bO1 and bO2

at timet + � t . Thevolumesweptbya pair of featuresis boundedby
theprisms,M 1

a andM 2
b , respectively. A conservativeCCDcheck is

performedby volumetriccollision detectionbetweenM 1
a andM 2

b .
Wecomputethesigneddistancebetweentheprisms,shownasdab .
Eventually, weusetheN-bodydistancequeryto computethesigned
distancefunctionsfor all theprisms.

minimumtranslationaldistanceneededto makethetwo objectsdis-
joint [Dobkin etal. 1993]:

minfk T kj inter ior (Oi + T ) \ Oj = ;g ;

whereT is thetranslationvectorcomputedby thealgorithm.How-
ever, exact computationof PD betweentwo polyhedralmodels
is a global problemand cannotbe solved using any `divide-and-
conquer'or localizedapproach[Kim et al. 2002]. Its worst com-
plexity canbeashighasO(n3

i n3
j ). As aresult,werestrictourselves

to computinganapproximatelocalPDbetweendeformingobjects.

We computethe local PD betweentwo objectsOi andOj based
on the N-body distancequery. The sameapproachcan also be
used to computeself-penetrations. The local PD is computed
amongall locally overlappingfeatures. We usethe N-body dis-
tancequery describedin Section3.2 to computethe overlapping
features.Next, weusetheorientationandconnectivity information
amongtheoverlappingfeaturesto computeall of thefeaturesof Oi

thatareinsideOj andvice-versa.We denotethesefeaturesasf i
a ,

a = 1; : : : ; k andf j
b , b = 1; : : : ; l (see�gure 5).

Our PD algorithmproceedsin two stages.We �rst usea greedy
strategy to estimatethedirectionof thetranslationvectorandthen
computetheextentof penetrationalongthatdirection.

1. Penetration dir ection computation: We considerall overlap-
ping featuresandperformtheN-bodydistancequeryamongthem.

For eachfeature,f i
a , we computethe closestfeatureamongf j

b 's

and representthe closestfeaturepairsas (f i
a ; f j

a ). Similarly, we

computetheclosestfeaturepairs(f j
b ; f i

b). Giventhesek + l clos-
estfeaturepairs,we computethedistancesbetweenthemanduse
thepair thatrepresentsthemaximaldistance.We usethedirection
of themaximaldistancefeaturepairasthedirectionof T .

2. Penetration depth computation: Giventhedirectionof T , we
computeits magnitudeby projectingall of theoverlappingfeatures
ontoT . Themaximalwidth of theprojectedfeaturesalongT gives
usthevaluefor penetrationdepth.

We notethat T is the locally optimal directionif the overlapping
featuresof theobjectsareconnectedandconvex. Therefore,T can
beagoodestimatefor thepenetrationdirectionwhentheintersect-
ing region is convex andhasasmallwidth.

Oi

Oj

T

f6
j

f7
j

f1
i

f2
i

Figure5: Local PD Computation for two polygonsOi and Oj :
Dottedarrowsrepresentdirectionvectors showingthe separation
distancebetweenpairs of overlappingfeaturesof O1 andO2 . The
maximumseparation distanceis shownby a thick black arrow and
is thelocal penetrationdirectionT .

4 Voronoi-based Culling for Proximity
Queries

In this sectionwe presentour Voronoi-basedculling algorithmto
performthe N-body distancequery. We �rst give an overview of
2ndorderVoronoidiagramsandshow how they canbeusedfor prox-
imity computations.Next, wedescribeourN-bodydistanceculling
algorithmbasedondiscreteVoronoidiagrams.

4.1 2nd Order Voronoi diagrams

We �rst introducesomeof theterminologyrelatedto Voronoidia-
grams.Two sitesareindependentif theredoesnot exist a pathof
edgeson a trianglemeshconnectingthem. Given a setof sitesP
in domainD, anda subsetT of P , with jT j = k, the k-th order
Voronoi region is thesetof pointscloserto all sitesin T thanto any
othersite:

Vk (T jP ) = f q 2 D j d (q; pi ) � d (q; pj ) 8 pi 2 T ; pj 2 PnT g:

Thek-th order Voronoi diagramis a partitionof D into k-th order
Voronoiregions:

VD k (P ) =
[

p i 2P

Vk (T ; P ) ; jT j = k:

The standardVoronoi diagram is the sameas VD 1(P ). We
are speci�cally interestedin the 1st and 2ndorder Voronoi dia-
grams,denotedasVD 1(P ) andVD 2(P ). A 1storderVoronoi re-
gion V1(pi jP ) containspointsclosestto site pi , andthe 2ndorder
Voronoiregion V2(f pi ; pj gjP ) containspointsclosestto two sites
pi andpj (see�gure 6).

The2nd ordergovernorsetof a point is thesetof two closestsites.
For a point q 2 D, let the two closestsitesbe f pi ; pj g, i.e. q 2
V2(f pi ; pj gjP ). Thenthe 2nd ordergovernorsetof q is denoted
asG2(qjP ) = f pi ; pj g. For a sitepi , the2nd ordergovernorsetis
givenasG2(pi jP ) =

S
q 2 p i

G2(qjP ).

4.2 PNS Computation Using 2nd Order Voronoi Di-
agrams

We usethe 2ndorder Voronoi diagramto computethe potentially
neighboringset(PNS)for eachsite. ThePNSof a sitep, denoted
PNS(pjP ), is a subsetof P suchthata sitein PNS(pjP ) is closer
top thanany sitein P nPNS(pjP ). ToperformtheN-bodydistance
query, we computea tight PNSfor eachsite.The2ndorderVoronoi
diagramprovidesthetwo closestsitesfor eachpoint in space.At a
point thatliesonagivensite,p, theclosestsiteis trivially p, thusp
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V1(O3)

V2(O2,O1)
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Figure6: The 1st and 2ndorder Voronoi diagrams of 9 polygons
(denoted as Oi ) in a plane. (a) The 1storder Voronoi diagram:
Each color representsthesetof pointsclosestto oneof thepolygon.
In thiscase, O1 has8 1storderVoronoineighbors. ThePNSof O1 is
all theobjectswhich share a Voronoi edge, i.e. all other8 objects.
(b) The2ndorder Voronoi diagram: Each color representsa region
with sametwo closestobjects. O1 is containedcompletelyinside
two 2ndorder Voronoi regions.Therefore, PNSof O1 = f O2 ; O3g.
Wegeta tighterPNSwith 2ndorderVoronoidiagram.

is ignoredin PNS(pjP ). Weusethe2ndorderVoronoidiagramand
the2ndordergovernorsetto computeatight PNS.Thenwehavethe
following property(illustratedin �gure 6):
Lemma 1 (PNS Computation). Givena setof independentsites
P , thePNSof a sitepi is givenby PNS(pi jP ) � G2(pi jP ): The
closestsite(s)to pi is (are) containedin PNS(pi jP ).

Lemma1 providesa culling schemeto computethe closestsites
for a givensetof sites. In additionto a tighterculling scheme,the
2ndorderVoronoidiagramalsoprovidestight boundsonthesepara-
tion distance,andwe usethemto performconservative PNScom-
putationusingdiscreteVoronoidiagramsin Section4.4.

N-body distancequery: We usethe2ndorderVoronoidiagramto
performtheN-bodyquery. Givenn independentsitesP , we com-
puteVD 2(P ) andthe 2ndordergovernorsetof eachsite pi . This
computationgivesPNS(pi jP ) for eachsite. We performpairwise
distancecomputationsbetweenpi andeachsite in PNS(pi jP ) to
computetheclosestsiteto pi . A key issueis de�ning anappropri-
atesetof sitesfor inter-objectandintra-objectqueries.Moredetails
aregivenin Section5.

4.3 Discrete Voronoi Diagram Computation

In the previous subsection,we showed that the PNSfor eachsite
canbeef�ciently computedbasedonthe2ndorderVoronoidiagram.
However, exactcomputationof theVoronoidiagramof triangulated
modelsis a hard problemdue to its algebraicand combinatorial
complexity. In thissection,weintroducediscreteapproximationsof
Voronoidiagramsandcomputethemef�ciently usingthegraphics
hardware.

Givena�nite setof pointsampleseD in domainD, andasetof sites
P , thek-th orderdiscreteVoronoi diagram(DVD) is a partitionof
the point samplesonto discretek-th orderVoronoi regions,andis

denotedasgVD
k
(P ). For a setT of k sites,thek-th orderdiscrete

Voronoiregion is a �nite setof pointswhich areclosestto all sites
in T thanto any othersite. The 1st and2ndorderdiscreteVoronoi
regionsareobtainedby usingk = 1 andk = 2, anddenotedby
eV1(pi jP ) andeV2(f pi ; pj gjP ), respectively.

GPU-basedDVD Computation: The discreteVoronoi diagram
for a triangulatedmodelcanbe ef�ciently computedalonga uni-
form 3D grid eD usingdepth-bufferedgraphicshardware[Sudetal.

Figure 7: Cloth simulation: The cloth is modeledusing 12:5K
triangles.Our proximitycomputationalgorithmis ableto perform
theN-bodydistancequeryat object-spaceprecisionwithin 400 �
600ms.

2006a;Sigg et al. 2003]. The 3D domainis discretizedinto a set
of 2D slices,anda discrete2D distance�eld is computedfor each
sliceby rasterizingthedistancefunctionsof theprimitives.Speci�-
cally, werasterizethedistancefunctionscorrespondingto eachver-
tex, edgeandtriangularfaceof theobject.Thedistancevaluesare
storedin thedepthbuffer andtheclosestsiteidenti�er is computed
in thecolor buffer. Together, thesetwo buffersprovide uswith the
discrete1storderVoronoidiagramandwereadit backto theCPU.

In additionto the1storderVoronoidiagramof triangulatedmodels,
wecomputethe2ndorderVoronoidiagramalongthepointsthatbe-
long to a site. We �rst rasterizeall the sitesin P into a uniform
grid. Eachtriangleis clippedto thevolumebetweentwo 2D slices
andis scanconvertedusinggraphicshardware[Hoff et al. 2002].
Thedistancecomputationsto asitepi areperformedongrid points

belongingto P n f pi g. WecomputegVD
2
(P ) in thecolorbuffer of

thegraphicshardware. Thedepthbuffer storesthedistancevalues
to thesecondclosestsite.Wereadbackthecoloranddepthbuffers
from theGPUto theCPUandusethemto computethePNS.How-
ever, eachsitepi is sampled(rasterized)at a �nite setof pointsQ
ontheuniformgrid. Finally, wecomputethe2ndordergovernorsets

for all pointsin Q usinggVD
2
(P ).

The gVD
2
(P ) computedusing graphicshardware is not accurate

andcanhave errorsdueto under-sampling[Hoff et al. 2002;Sud
et al. 2006a].We �rst list thesourcesof under-samplingerrorsand
presentourapproachto computeaconservativePNSin Section4.4.

1. Discretization of Sites: The grid Q only consistsof a �nite
numberof points. The point on a site correspondingto the mini-
mum separationdistancemay not get sampledon the grid. As a
result,wemaynotcomputethecorrectseparationdistance.

2. Discretization of the Voronoi Diagram: TheVoronoiregionof
theclosestsitemaynotgetsampledontheuniformgrid. Therefore,
gVD

2
(P ) mayreturnanincorrectclosestsite.

3. GPU Precision: CurrentGPUssupport32-bit �oating pointpre-
cisionfor distancecomputation,and24-bit �x edpointprecisionfor
distancecomparisonson depthbuffer. Thesecanleadto precision
errorsin thedistancevalues.

4.4 Conser vative PNS Computation using Dis-
tance Bounds

We presentan approachto computea conservative PNS using
boundson thedistancevaluescomputedusingGPUs.First we de-
�ne anapproximateseparation distance, which is computedusing
thediscreteVoronoidiagramasdescribedabove. Theaccuracy in



the approximationis given by the image-resolutionusedfor sec-
ondorderVoronoicomputation.Givena discreteVoronoidiagram
gVD

2
(P ) anda �nite setof pointsQ on a sitepi , theapproximate

separationdistanceof pi , denotedfSD(pi ), is the minimum of the

distancevaluesfrom gVD
2
(P ) for all pointsin Q. We now present

our approachto computethe boundson the exact separationdis-
tanceSD(pi ) from the approximateseparationdistancefSD(pi ).

SDSD~

�G

SDSD+�G~

O1

O2

O1

O2

PNS

(a) (b)

Figure 8: Conservative PNS using discrete Voronoi diagram:
Given2 objectsO1 and O2 . (a) O1 is sampledat a �nite setof
points. Theclosestpointson O2 are shownusingdottedvectors.
SD is theexact separation distanceSD(O1), gSD is theapproxi-
mateseparation distancefSD(O1). � is thedistancebetween2 ad-
jacentsamples.(b) gSD + � is theboundedseparationdistancefor
O1 . First we computethe featureson O1 that are within distance
gSD + � to O2 . For thesefeaturesof O1 , wecomputefeaturesof O2

thatare within a distancegSD + � . Thesefeaturesof O2 constitute
thePNSof O1 .

Ourexactdistancecomputationalgorithmexploits thefactthatEu-
clideandistance�eld is a continuousscalar�eld. Moreover, the
changein distanceto the closestsite betweentwo adjacentpoints
on the uniform grid is boundedby the distancebetweenthe two
points. We usethis property to computea boundon separation
distancesbetweentwo sitescomputedusing the discreteVoronoi
diagram. Let � 1 be the diagonallength of a cell in the uniform
grid eD, and� 2 betheerrordueto limited GPUprecision(typically
� 2 � � 1). Let � = � 1

2 + � 2 representthe total error in discrete
Voronoidiagramcomputation.
Lemma 2 (DistanceBound using DVD). Giventheapproximate
separationdistance, fSD(pi ), theexactseparationdistanceSD(pi )
is boundedby fSD(pi ) � � � SD(pi ) � fSD(pi ) + � .

Lemma2 givestight lower andupperboundson theexactsepara-
tion distancefor a site. Theseboundsareusedto cull objectsor
featuresandcomputea PNS.Thus,we areableto addressthe last
two issuesof under-samplingon a discretegrid. In order to ad-
dressthe �rst issue,we usethe idea of growing a site by taking
its Minkowski sumwith a pixel [Govindarajuet al. 2005]. When
we rasterizethe Minkowski sum,we ensurethat every point on a
site getssampled. In Section5, we usethesequeriesto perform
accurateinter-objectandintra-objectqueries.

5 Proximity Queries using Discrete
Voronoi Diagrams

In this section,we presentour overall approachto computeinter-
object and intra-objectqueries. Our algorithm proceedsin three
stages,asshown in �gure 9. We �rst useanAABB basedculling
approachto computea very conservative PNS for eachobject.
Next, we presentalgorithmsto performinter-objector intra-object
proximity queriesusingVoronoi-basedculling. Finally, weperform
exacttestsbetweenthetriangleprimitivesin theconservativePNS.

AABB Culling
Compute
Discrete

Distance Fields

Compute
Discrete Voronoi 

Diagram

Compute PNS 
(Object Level)

Compute PNS 
(Feature Level)

Exact Feature 
Tests

Voronoi Culling

Distance Bounds

Potential Nearest 
Features

N-Objects

Stage I
Stage II

Stage III

Figure 9: Overall algorithm: Our proximity computational-
gorithm proceedsin three stages: AABB-basedculling, Voronoi
culling andexactdistancetestson thePNS.

5.1 Stage I: AABB Culling

In thisstagewecomputetheAABBs of eachobjectandperformthe
N-body distancequerybetweenthe AABBs, by computingover-
lapsalongthethreeaxes.For example,wecomputeAABB i for Oi

andusethatAABB to computea conservative upperboundon the
separationdistanceof Oi . As a result,all AABBs whosedistances
aremorethanthis bound,do not belongto PNS(Oi ). Theprojec-
tionsof AABBs aresortedalongeachaxis to computea sequence
of intervals alongeachaxis [Cohenet al. 1995]. If the projection
of AABB i doesnot overlapwith any other interval, we compute
theclosestAABB alongthataxis.Otherwise,weconsiderall other
AABBs thatoverlapwith theprojectionof AABB i andusetheone
with maximaloverlap.Thiscomputationis repeatedalongthethree
axesto computethepotentiallyclosestAABB to AABB i . Wecom-
puteanupperboundto theseparationdistancefor eachOi by com-
putingthemaximaldistancebetweentheverticesof AABB i andits
closestAABB. For eachobjectOi , all objectsthatareatadistance
lessthanthis conservative distanceboundconstitutea conservative
boundto anobjectlevel PNSof Oi .

5.2 Stage II: Voronoi-based Culling

WeusethedistanceboundfromAABB cullingasanupperboundto
localizedistance�eld computation.The distancecomputationfor
objectOi is performedin abandedregionaroundOi . Thewidth of
thisbandis themaximumdistancebetweenanobjectandits poten-
tial neighbors.For eachobjectOi , we computethe setof objects
Oj suchthatOi belongsto PNS(Oj ), andusethemaximumsepa-
rationdistanceasaboundon thewidth of thebandedregionof Oi .
We usethesebandsto narrow thegrid region for discreteVoronoi
diagramcomputation.Eventually, we usethediscreteVoronoidi-
agramto computea tighter PNS for inter-object and intra-object
proximity queries.

5.2.1 Inter -Object Proximity Queries

The setof sitesis the setof objectsP = f Oi ; : : : ; On g. Our al-
gorithmfor inter-objectproximity queriesproceedsin two phases.
First we computea tighter objectlevel PNSfor eachobject. Sec-
ondly, we performPNScomputationsat featurelevel to computea
setof potentiallyclosestfeaturesbetweenapairof objects.

Object-level PNS computation: We compute gVD
2
(P ) using

GPUs. Next, we computean upperboundon the separationdis-
tanceof eachobjectusingLemma2. Let D u (Oi ) = fSD(Oi ) + �
denotethe upperboundon the separationdistancefor Oi . The
PNS(Oi jP ) of anobjectOi is computedasasetof objects,whose
distanceto Oi is lessthanD u (Oi ). We expandthe AABB of Oi
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Figure10: Application of our proximity query algorithm to a
simulation with 10 objects: (a) Positionof 10 deformingobjects
- 'siggraph 06' (with the bowl removed). (b)-(d) Stages in PNS
computation.Theredwireframerepresentsconservativeboundon
the separation distancebetweeǹ r' and other letters. This bound
is usedto computethe PNSof `r'. (b) The object level PNSof
letter `r' after stage I that usesAABB-basedculling. (c) Object
levelPNScomputedusingour 2nd orderDVD basedalgorithm.(d)
Zoomedview of feature level PNSbetweeǹ r' and `g'. Theexact
distancetestsare performedbetweenred trianglesin `r' andblue
trianglesin `g'. Total numberof pairs in feature level PNS=12K.
Total computationtimeis around60 msper frame.

by D u (Oi ) alongeachaxisandreducethedistancequeryto a col-
lision querybetweentheexpandedAABB of Oi andAABB of Oj .
Theoverlaptestsareef�ciently performedusingthesortedintervals
computedin StageI.

Feature-level PNScomputation: Givena featuref i
k in objectOi ,

our goal is to computethe minimum distanceto all featuresin
PNS(Oi jP ), but ignore the featureson Oi as part of this com-
putation. During this stage,we computethe featurelevel PNSfor
a subsetof featuresin objectOi , asexplainedbelow. We usethe
upperboundon the separationdistanceof objectOi to cull away
featuresin Oi thatdonotcontributeto closestsitecomputation.

WecomputegVD
2
(P ) for all thepointsonf i

k anduseit to compute
theapproximateseparationdistanceof f i

k , denotedfSD(f i
k ), to its

closestfeature.Basedon Lemma2, the lower boundon thesepa-
ration distanceof f i

k is given asD l (f i
k ) = fSD(f i

k ) � � . We cull
awaya featuref i

k , if D l (f i
k ) > D u (Oi ), astheclosestobjectto f i

k
is furtherawaythantheseparationdistancebetweenOi andP nOi .
Finally, for eachfeaturef i

k with D l (f i
k ) � D u (Oi ), we compute

a setof featuresin PNS(Oi jP ) which areat a distancelessthan
the separationdistanceof Oi . This is illustratedin �gure 8. This
computationis performedby expandingtheAABB of eachfeature
by D u (Oi ) andperformingoverlaptestsasmentionedin StageI.
In theendwecomputethePNSfor eachobjectandits features.

5.2.2 Intra-Object Queries

Ourgoalis to performtheN-bodydistancequeryonall thefeatures
of an object. Given a feature,we ignoreits adjacentfeaturesand
computethe closestamongthe non-adjacentfeatures.In orderto
classifythe featuresinto adjacentandnon-adjacent,we de�ne the
notionof 1-ringand2-ring for eachfeature,f i

k . The1-ring,denoted
asI (f i ), is the setof featuresthat areadjacentto f i

k (i.e sharea
vertex with f i

k ). The2-ring is thesetof featuresthatareadjacentto
thefeaturesin the1-ring,excludingf i andI (f i ).

We �rst computetheminimumdistancebetweenf i
k andthesetof

featuresin the 2-ring of f i
k . This minimum distanceprovidesan

upperboundto theseparationdistanceof f i
k . Thiscomputationcan

be performedin O(n i ) time for all the featuresin the deforming
object,wheren i is thenumberof featuresin theobject.

Our next goal is to re�ne the upperboundcomputedusingthe 2-
ring basedon 2ndorderVoronoidiagrams.Thesetof sitesis theset
of featuresin anobject,P = f f i

1 ; : : : ; f i
n i g. Thenf i

k andP nI (f i
k )

Figure11: Multiple deformable object simulation: In this simu-
lation, manydeformingletters are falling insidea funneland will
eventuallyslidethrougha ramp.Each objectis composedof nearly
175 trianglesand there are a total of 200 letters in manyclose-
proximity scenarios.Our algorithm is able to performboth inter-
objectandintra-objectqueriesin thissimulationwithin a second.

aremutuallyindependentsets.Weperformproximity computations

on f i
k by usingthediscreteVoronoidiagramgVD

2
(P n I (f i

k )) and
computethePNS,PNS(f i

k jP nI (f i
k )) . Thisprocessis repeatedfor

all thefeaturesf i
k . In practice,we do not computeO(n i ) 2ndorder

Voronoi diagrams.Rather, we storethe adjacency informationof
eachfeaturein a texture. For a grid cell on a featuref i

k , we per-
form vector comparisonson programmablegraphicshardware to
avoid distancecomputationsto I (f i

k ). This computesthediscrete
Voronoiregion eV2(P n I (f i

k )) atall pointsona featuref i
k , andthe

approximateseparationdistancefSD(f i
k jP n I (f i

k )) is computed
usingthedistancevaluesat thesepoints. An upperboundD u (f i

k )
on the separationdistanceof featuref i

k is computedfrom the ap-
proximateseparationdistanceusingLemma2. Eventuallyall non-
adjacentfeatures,f i

l , whosedistanceto f i
k is lessthanD u (f i

k ) are
addedto PNS(f i

k jP n I (f i
k )) .

5.3 Stage III: Exact Proximity Tests

Given a featuref i , we performexact queriesbetweenf i andthe
featuresin PNS(f i ). In order to perform discretecollision de-
tectionor penetrationdepthcomputations,we checkwhethertwo
trianglesoverlap. In orderto performcontinuouscollision testbe-
tweentwo triangleswhoseprismsoverlap,we perform15 elemen-
tary testsdescribedin [Bridson et al. 2002]. We usethe triangle-
triangledistancecomputationalgorithmdescribedin [Larsenet al.
2000] to computethe separationdistancebetweenthe primitives.
We alsocomputethe local penetrationdepthbetweentheoverlap-
ping features.

6 Implementation and Performance

In this sectionwe describethe implementationof our N-bodydis-
tancequeryalgorithmandhighlight its applicationto performvari-
ousproximity queriesbetweenmultipledeformablemodels.

6.1 Implementation

Wehave implementedouralgorithmonaPCrunningWindowsXP
operatingsystemwith anAMD Athlon 4800X2 CPU,2GB mem-
ory andanNVIDIA GeForce7800GPU. We usedOpenGLasthe
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Figure12: Thisgraphhighlightstheaveragetimespentin thethree
stagesof our algorithmfor the�ve benchmarksdescribedin Section
6.2. Dueto thehigh culling ef�ciency obtainedduring stage II, we
observethat the average time spentin performingexact overlap
testsis lower than300ms.

graphicsAPI andCg languagefor implementingthefragmentpro-
grams.ThediscreteVoronoidiagramanddiscretedistance�eld are
computedusinga �at 2D rendertexture with 32-bit �oating point
precision.The2nd orderDVD computationis donein 2 passes.In
the�rst pass,wescanconverteachobject,andstoretheobjectid in
thestencilbuffer for all pixelsthatlie on theobject.Thefeatureid
is storedin theredchannelof thecolor buffer. In thesecondpass,
we perform distance�eld computation. For inter-object queries,
the referencevalueandfunction for stencil testareset to discard
thefragmentif currentobjectid is equalto thevaluein thestencil
buffer. This avoids distancecomputationto an objectOi on grid
points that belongto Oi . The nearestobjectand triangle ids are
storedin the greenandblue channelsof the color buffer, anddis-
tancevaluesare storedin depthbuffer. For intra-objectqueries,
we storethe list of adjacentfeatureids in a texture. During dis-
tance�eld computation,a dependenttexture lookup is performed
to querythis list, andthe fragmentis discardedif the currentfea-
tureid is presentin theadjacency list.

We maintaina sortedlist of intervalscorrespondingto theprojec-
tion of an AABB alongeachaxis. We computethe PNSusedfor
theexactdistancecomputationusingthedistanceboundscomputed
from 2ndorderVoronoi diagrams. We expandthe sortedintervals
with the distanceboundsandcomputefeaturesthat overlapalong
the threeaxis. Next, we performexact featurelevel distancetests.
We usedthecodefrom [Larsenet al. 2000]for computingthesep-
arationtests.Theaveragetime to performoneseparationdistance
querybetweentwo trianglesis 1–2 microseconds.

WehaveimplementedPDcomputationby �rst computingtheinter-
sectingtrianglesusingAABB hierarchies.We thenperforma local
walk to computetheoverlappingfeatures.Finally, we performthe
N-bodyqueryto computelocalPD.

In order to performCCD tests,we computetight prismsthat en-
closethesweptvolumesof theprimitive [Govindarajuetal. 2005].
We thenperformdistancecomputationsamongtheprismsandcull
away primitive pairsnot in closeproximity. Finally, we perform
elementarytestsamongtheprimitivesin closeproximity. Theav-
eragetime for performinga CCD testamongtwo primitivesis 50
microseconds.

6.2 Benc hmarks Used

We now highlight the performanceof our algorithm on various
benchmarkswith multiple deformableobjects. The setof bench-
marksinclude: (1) a cloth simulationof a skirt (�gure 7), (2) a
cloth folding on a rotatingsphere(�gure 2), (3) tendeforminglet-
tersfalling in abowl (�gure 10),(4) two hundreddeformingobjects
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Figure13: In this log-scaleplot, we showthe average numberof
exacttriangle-triangledistancequeriesperformedusinganAABB-
basedalgorithmandusingVoronoidiagrams.Weobservea 5� 100
timeshigher culling ef�ciency usingVoronoi diagramson the �ve
benchmarks.Thehigh culling ef�ciency is dueto thetight distance
boundsobtainedusingthe2ndorderVoronoidiagrams.

falling throughafunnelandslidingoveraramp(�gure 11)and,(5)
fourteenobjectsundergoing dynamictopologicalfractures(�gure
1). Our algorithminvolvesno pre-processingandis ableto com-
putetheseparationdistances,inter-objectandintra-objectproxim-
ity queries.

Benchmark Tris Resolution AABB(s) Voronoi(s)
1. Skirt 12K 200 � 175 � 45 1.8 0.53
2. Cloth-Ball 15K 190 � 200 � 60 3.8 0.70
3. Bowl 4:5K 150 � 100 � 30 1.1 0.07
4. Ramps 38K 45 � 300 � 40 13.5 1.10
5. Breaking 5:5K 100 � 100 � 60 2.6 0.12

Table1: Timingson deformablesimulationbenchmarks: Average
timeper frame(in seconds)to performproximityquerieson differ-
entbenchmarks.AABB= Avg time/frameusingan ef�cient AABB-
basedalgorithm. Voronoi= Avg time/frame using our Voronoi-
basedalgorithm.

A comparisonof theperformanceof our Voronoi-basedalgorithm
againstan ef�cient AABB-basedalgorithmis provided in table1.
The grid resolutionis a function of the boundingbox of the envi-
ronment. We usea different resolutionalongeachaxis to ensure
thattheresultingvoxelshave thesamedimensionalongthe3 axes.
As notedfrom �gure 14,theresolutionis chosensuchthatthetotal
computationtime is minimized.

7 Comparison with Prior Appr oaches

In this section,we compareour algorithmswith prior methods.
Theseincludedistanceandpenetrationdepthcomputation,aswell
ascontinuouscollisiondetection.

Separation distanceand penetration depth: Most of the algo-
rithmsfor inter-objectqueriesuseN-bodytechniquesfor thebroad
phaseandboundingvolumehierarchiesfor thenarrow phase.How-
ever, prior N-body techniquesare limited to collision or penetra-
tion queries,and may not provide suf�cient culling for distance
queries. Algorithms basedon hierarchiesfor deformablemodels
typically useAABBs or spheres[van den Bergen 1997; Larsson
andAkenine-M̈oller 2001]asboundingvolumes,becausethecom-
putationor updatecostof hierarchiesof OBBs or k-DOPscanbe
high. In Fig. 15, we comparetheperformanceour Voronoi-based
culling algorithm with AABB hierarchiesfor separationdistance
computationin Benchmark4. We observe morethanan orderof
magnitudeperformanceimprovementin thequerytimings. This is
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Figure 15: This graph highlights the performanceimprove-
mentobtainedusingour Voronoi-basedalgorithmover an ef�-
cientAABB-basedalgorithmonthedeformablesimulationwith
200 objects.Due to the high culling ef�ciency obtainedusing
Voronoi diagrams,we are able to achieve nearly oneorder of
magnitudeperformanceimprovementoverAABBs.

dueto thefactthatVoronoi-basedculling resultsin 5 � 100x times
reductionin thenumberof exactprimitive testsascomparedto the
AABBs (shown in Fig. 13). Thehigherculling ef�ciency alsore-
ducestheadditionaloverheadof hierarchy traversalfor performing
exactdistancetests.As thenumberof objectsin thesceneincrease,
we obtainhigherculling ef�ciency andperformanceimprovement.
Furthermore,hierarchicalapproachesmaynotworkwell for objects
with changingtopologies.Theentirehierarchy hasto becomputed
from scratchduringeachframe.

Collision detection: We comparedtheperformanceof our contin-
uouscollisiondetectionalgorithmwith theoneproposedby Govin-
darajuet al. [2005]. In particular, we performedself-collision
querieson Benchmark1 and found that the performanceof both
algorithmswascomparableand in the rangeof 400 � 800 msec
perframe.However, thealgorithmproposedby Govindarajuet al.
[2005] assumesthat the meshconnectivity is �x ed and precom-
putesa chromaticdecomposition.As a result, suchan approach
would not work on a scenewith breakingobjects(e.g. Benchmark
5). On theotherhand,our approachinvolvesno preprocessingand
is applicableto all deformablemodels.

Distance�eld basedalgorithms: As comparedto prior distance
�eld algorithms[FisherandLin 2001;Hoff et al. 2002;Sudet al.
2006a],our approachis moreaccurateandwe canperformqueries
at object-spaceprecision. Furthermore,we can handleN-body,
inter-objectandintra-objectqueries. On the otherhand,prior al-
gorithmsarerestrictedto performingthesequeriesat image-space
precisiononapairof objects.

Spatial hashing: Spatialgrid and hashingtechniqueshave been
usedto acceleratecollisiondetectionandpenetrationdepthqueries
betweena pair of objects[Teschneret al. 2003;Heidelbergeret al.
2004].They work well whenthemodelsarerepresentedasaunion
of tetrahedraor on queriesinvolving points. In our benchmarks,
spatialhashing-basedmethodsresultedin ahighernumberof exact
primitive testsascomparedto AABB-basedhierarchies.Moreover,
theoverheadof scan-convertingthepolygonsamong3D gridscan
behighascomparedto updatingthehierarchies.

8 Anal ysis and Limitations

Voronoi diagramin computationalgeometryis consideredasone
of the most powerful data structurefor proximity queries. Our
algorithm computesa tight superset(PNS) of potential Voronoi

neighborsof primitivesusingdiscreteVoronoi diagramsanddis-
tancebounds.We usethePNSto performN-bodydistanceculling
in complex environmentscomposedof multipledeformingobjects.
Moreover, weshow thatotherproximity queriessuchascontinuous
collision detectionandpenetrationdepthcomputationcanalsobe
ef�ciently performedusingN-body distanceculling. The overall
bene�t of ourapproachis dueto two reasons:

• Culling ef�ciency: The 2ndorderdiscreteVoronoi diagrams
andtight distanceboundsareusedto cull away a high frac-
tion of primitivesthatarenot in closeproximity. As a result,
we have observed30 � 50 timesimprovementin culling ef-
�ciency over prior methodsbasedon AABBs in complex de-
formablesimulations.

• Runtime performance: We use the rasterizationpower
of current GPUs for fast computationof 2ndorder discrete
Voronoi diagrams. We also localize the region for distance
�eld computation. Our algorithmcancomputethe Voronoi
informationin a few hundredmilli-secondsfor complex en-
vironments. Moreover, our algorithminvolvesno hierarchy
computationor update.

Basedon thesetwo reasons,we obtainconsiderablespeedupsover
prior methodsbasedon hierarchies.Moreover, we areableto per-
form variousqueriesatalmostinteractive framerates.

Limitations: Ourapproachhasafew limitations.Thecomputation
of discreteVoronoidiagramshasoverhead,in termsof rasterizing
thedistancefunctionsandreadingbackthecolor anddepthbuffer.
Evenfor smallenvironments,thereadbackoverheadcanbe20� 30
msec.As a result,our currentimplementationwould take at least
50 � 60 msecto performthesequeries,evenon a simpleenviron-
ment.Themainbene�t of Voronoi-basedculling arisesin complex
environmentswith a high numberof primitives(e.g. a few thou-
sandtriangles). Our PNScomputationcanbe conservative if the
resolutionof thediscrete3D grid is low. This canresultin a high
numberof exact testsbetweenthe triangleprimitives. Finally, our
PD algorithmonly computesa local PD.Our approachonly works
well if thereis an isolatedcontactbetweenthe two objects.Many
deformablesimulationscanresultin deeppenetrationsor multiple
contacts[Baraff et al. 2003; Heidelberger et al. 2004]. Our local
PDalgorithmmaynotwork well in suchsituations.



9 Conc lusions and Future Work

We presenta uni�ed and generalapproachto perform collision
anddistancequeriesin complex environmentscomposedof mul-
tiple deformingobjects.We usepropertiesof Voronoidiagramsto
perform N-body culling and conservatively computethe Voronoi
neighborsusing discreteVoronoi diagramsand distancebounds.
Wehaveusedouralgorithmsto performdifferentproximity queries
in complex deformablemodelscomposedof tensof thousandsof
triangles.Theperformanceof our collision detectionalgorithmsis
comparableto prior approach,exceptouralgorithmcanalsohandle
modelswith changingtopologies. Moreover, we observe oneor-
derof magnitudeimprovementover prior distanceandpenetration
depthcomputationalgorithms.

Therearemany avenuesfor futurework. We would like to reduce
the overheadof Voronoi-basedculling. Insteadof computingthe
discreteVoronoidiagramsalonga 3D grid, we mayonly compute
them along a set of points that lie on the 2D-surface[Sud et al.
2006b].Thiscouldresultin fastercomputationandreducetheover-
headof readbackandscanconversion. We would like to useour
algorithmsfor otherapplicationssuchassurgical or �nite-element
simulation,wherethe meshconnectivity or topologiesof the ob-
jectsmaychange.It maybeusefulto extendour PD computation
algorithmto robustly handledeeppenetrationsandmultiple con-
tacts.
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