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Abstract
Fast contact handling of soft articulated characters is a computationally challenging problem, in part due to com-
plex interplay between skeletal and surface deformation. We present a fast, novel algorithm based on a layered
representation for articulated bodies that enables physically-plausible simulation of animated characters with a
high-resolution deformable skin in real time. Our algorithm gracefully captures the dynamic skeleton-skin inter-
play through a novel formulation of elastic deformation in the pose space of the skinned surface. The algorithm
also overcomes the computational challenges by robustly decoupling skeleton and skin computations using care-
ful approximations of Schur complements, and ef�ciently performing collision queries by exploiting the layered
representation. With this approach, we can simultaneouslyhandle large contact areas, produce rich surface de-
formations, and capture the collision response of a character's skeleton.

Categories and Subject Descriptors(according to ACM CCS): I.3.7 [Computer Graphics]: Animation I.3.5 [Com-
puter Graphics]: Physically Based Modeling

1. Introduction

Believable animation of articulated characters is essen-
tial to realistic virtual environments, computer games, and
other interactive applications. Often the movement of char-
acters is driven by motion capture data. However, it is
important to simulate the response of characters to col-
lisions, as well as secondary effects, such as skin wrin-
kles or surface deformation, thus enhancing the realism
of the character animation. But, these effects are usually
challenging to achieve in real time. Various techniques
have been proposed for performing skeleton-driven defor-
mations [MTLT88,LCF00,MG03,KZ05], some with phys-
ically based skin deformation [CHP89, GTT89, CGC� 02].
However, none of these approaches addresses the problem
of ef�ciently handling global and local response to contact
constraints. Surface contact is dif�cult to model using tradi-
tional skinning techniques because the combination of bone
transforms and blend weights completely determine the re-
sulting (deformed) shape.

Our approach for simulating soft characters with contact
constraints constitutes perhaps the �rst uni�ed framework
for real-time modeling of skeletal deformations, surface de-
formation due to contact, and their interplay on object sur-
faces with thousands of degrees of freedom. Our algorithm

can ef�ciently handle large contacts, automatically produce
rich surface deformations, and effectively capture the skele-
tal response of the characters due to collisions.

Our algorithm builds upon a conceptually simple and com-
monly usedlayered representationfor soft characters in
computer animation, which is essentially an integration of
articulated body dynamics and skinning with displacement
corrections. Such a representation obviously cannot capture
general global deformations, but it is well suited for repre-
senting skeletal and surface deformations. One of the chal-
lenges for modeling soft articulated characters that has not
been well investigated previously is the interplay of skele-
tal motion and surface contact and the resulting two-way
coupling effects. Another major issue is the enforcement of
contact constraints on soft articulated bodies with many de-
grees of freedom. Our algorithm takes advantage of a fast,
approximate, image-space collision detection algorithm for
deformable characters whose surface is computed by dis-
placements from (weighted) rigid bones, and it overcomes
the computational bottlenecks due to contacts with the fol-
lowing key results:

� New formulation of elastic deformation in pose space,
which is related to skin displacement corrections [KJP02,
JT05] and FEM approaches in a �oating frame of refer-
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Figure 1: Interactive Deformation of an Articulated Deer. The deer, consisting of34 bones and2755deformable surface
vertices is being deformed interactively (almost10 fps on average) by a rigid bird model. The interplay between small-scale
contact deformations and the skeletal contact response is successfully captured.

ence [TW88], augmented with a joint stiffness term to
model pose-dependent deformations. With this formula-
tion, the motion equations derived from Lagrangian me-
chanics naturally produce the desired interplay between
skin and skeleton.

� Ef�cient and scalable computation of articulated-body
dynamics with contact constraints and skin deformations,
with a cost ofO(m+ k+ n) in practice, wherem is the
number of contacts,k the number of bones, andn the
number of surface nodes. Our method is based on the de-
coupling of skin and skeleton computations in otherwise
coupled implicit equations, through careful and robust ap-
proximation of Schur complements.

We continue with a discussion of prior work in Section2,
and a description of our layered representation for soft char-
acters in Section3. In Section4, we present the dynamic
formulation of articulated body dynamics with skin defor-
mations and contact constraints. Section5 describes our ef�-
cient solution to the constrained dynamics problem, and Sec-
tion 6 highlights the performance of our complete approach
on complex benchmarks. We conclude with a discussion of
possible future research directions.

2. Related Work

Modeling of deformable articulated characters is a problem
that has been investigated using data driven, example based,
or physically based approaches. The latter are best suited
for simulating collision response, and here we focus the dis-
cussion mainly on methods that tackle the simulation of the
skeleton and/or surface deformations.

Several linear-time algorithms exist for simulating articu-
lated skeletons without closed loops, either with articulated
body inertias [Fea87] or with Lagrange multipliers [Bar96].
We formulate joint constraints with Lagrange multipliers as
this framework can also be used to formulate contact con-
straints naturally. Recently, a few researchers have shown
how to handle both unilateral and bilateral constraints. For
example, Cline and Pai [CP03] emphasize handling rigid
body contact constraints using post-stabilization, whereas
Erleben [Erl04] combines joint constraints, joint limits, and

joint motors with rigid contact constraints in a velocity-
based linear complementarity formulation with shock prop-
agation. Weinstein et al. [WTF06] propose an iterative so-
lution for handling joint and contact constraints for rigid,
articulated bodies in a single framework. Accurate contact
handling for an articulated body withk bones andmcontacts
hasO(km) complexity [Bar96]. We show how to reduce this
complexity to a linear dependence onk andm in Section5.
We should note that physically based simulation of an artic-
ulated skeleton can also be combined with motion capture
data to generate plausible blending of motion capture seg-
ments [ZMCF05].

Given the animation of the skeleton, it is possible to model
the deformation of the skin surface by linear blending of
bone transformations, the so-calledskeletal-subspace defor-
mation(SSD) [MTLT88]. Different methods have been pro-
posed to address the problems of linear blending by using
example-based deformations [LCF00], adding eigenbases of
deformations in pose space [KJP02], inserting additional
joints tuned from examples [MG03], or employing blending
of transformations instead of weights [KZ05], among oth-
ers. Recent techniques have extended skinning to mesh de-
formations [JT05], motion capture data without a prede�ned
skeleton [PH06], or interactive models [DSP06].

Simple skinning fully de�nes surface positions based on
the skeletal con�guration but cannot capture the reac-
tion of the character to collisions. In the simulation of
human characters, accurate anatomy-based representations
(e.g., [DCKY02]) can be used for modeling material prop-
erties. These representations, however, are computationally
expensive, and our goal is to develop methods that can inter-
actively capture surface deformation effects and global de-
formation in a plausible way with less focus on internal be-
havior. Our approach can be classi�ed under the category of
layered deformable models [CHP89,GTT89,TT93,Gas98],
which overlay layers of deformable material on top of an
articulated skeleton that drives the motion. Skeletal de-
formations can also be used to impose constraints on a
control lattice for FEM simulation of dynamic deforma-
tions [CGC� 02, GW05]. Recently, Capell et al. [CBC� 05]
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extended their framework to include rigging force �elds,
self-collision handling, and linearization of deformations in
pose space. In contrast to earlier work that performed a sim-
ulation of the complete volume of the model, we focus the
computational effort on the surface and the skeleton. In ad-
dition, we provide ef�cient solutions that capture the inter-
play between surface deformation effects and skeletal mo-
tion due to collisions. Some earlier deformation techniques
have also focused the computations on the surface, such as
matrix condensation [BNC96, JP02], the boundary element
method [JP99], quasi-rigid body models [SK03,PPG04], or
deformation textures [GOM� 06], but none of them handles
global deformations due to impact dynamics for an articu-
lated model. Finally, our approach is also related to meth-
ods that extract a local reference frame for applying a linear
elasticity model [TW88,MT92,MDM � 02], in particular the
pose-space method of Capell et al. [CBC� 05]

3. Overview of the Soft Character Model

In this section we describe our formulation of deformations
in the pose space of an articulated character, and discuss the
FEM discretization of the deformation �eld.

3.1. Pose Space Deformation

In the skeletal-subspace deformation model withk bones, the
deformed positionx of a material point is de�ned based on
the positionu in pose spaceTo;i and bone transformations
T i as

x =
k

å
i= 1

wiT iui =

 
k

å
i= 1

wiT iT � 1
o;i

!

u: (1)

We choose to express deformation and elastic energy in pose
space (also known as the rest con�guration of the mesh) be-
fore applying the skin transformations (see Figure2), as pro-
posed before for geometric deformation and displacement
corrections [JT05,KJP02,LCF00]. Pose space offers a local
coordinate frame on which we can measure elastic energy
using a linear strain tensor without suffering from geometric
non-linearities [MDM � 02].

The deformed position in pose spaceu can be decomposed
into a constant undeformed componentuo and an elastic skin
displacementus, henceu = uo + us. We choose the bone
transforms to be rigid transforms, and then we can write
ui = T � 1

o;i u = co;i + Ro;iu andT iui = ci + Riui , with ci , co;i
displacements andRi , Ro;i rotation matrices. The constant
transformationsco;i andRo;i transform world-space surface
positions in rest state to each bone's reference system. We
assume that the blend weightswi obey the af�ne constraint
å i wi = 1.

3.2. Discretization and Meshing

In our reduced model representation, the degrees of freedom
(DoFs) are determined by the DoFs of the bone transformsT

Figure 2: Pose space deformation.Elastic deformationsus
of the skin are de�ned in rest pose space

and the DoFs of the deformable layer. We discretize the de-
formation �eld us in the deformable layer using linear FEM .
The deformation �eldus can then be approximated byn dis-
crete node values accumulated in a vectorqs 2 R3n through
the (position-dependent) shape matrixSand expressed com-
pactly asus = Sqs.

An advantage of our method is that we can generate dy-
namic models from skinned meshes that have been created
with popular 3D authoring software. A volumetric mesh
of the deformable layer can be generated with any method
that preserves the original outer surface vertices, eitherby
de�ning two enclosing surfaces [HGB06] or by generating
a layer of tetrahedral elements inwards from the outer sur-
face [EDS05]. The mesh blend weights can simply be reused
for the physical model as de�ned in Eqn. (1).

By replacing the deformation �eld in Eqn. (1) with its dis-
cretized version, we obtain:

x =
k

å
i= 1

wi(ci + Ri(co;i + Ro;i(uo + Sqs))) : (2)

The DoFs of our model can be packed together in

the generalized state vectorq =
�

qb
qs

�
, where qb =

�
cT

1 qT
1 : : : cT

k qT
k

� T 2 R7k for k bones. We chose
quaternions to represent the orientationsq.

The velocity state vectorv follows from the time differen-
tiation of (2). As shown in AppendixA, the world-frame
velocity �x of a material point can be approximated as�x =

LWv, for a velocity state vectorv =
�

vb
vs

�
, with vb =

�
�cT
1 wT

1 : : : �cT
k wT

k

� T 2 R6k and angular bone veloc-
ities w expressed in the bone's local frame. The velocity
state vector and generalized coordinate vector are relatedby
v = P�q and�q = P+ v, with P andP+ matrices that transform
angular velocitiesw to time derivatives of quaternions in�q.
Note that our discretized deformation model (2) is identical
to the deformation model in [GOM� 06] for the case of a sin-
gle bone (k = 1).

4. Soft Characters with Contact Constraints

In this section we formulate the constrained dynamic simu-
lation problem for soft characters. We model both joint and
contact constraints with the method of Lagrange multipli-
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ers, and we use implicit Backward Euler integration with
linearization of forces.

4.1. Coupled Layered Dynamics

We formulate the dynamic motion equations of our soft ar-
ticulated characters using Lagrangian continuum mechan-
ics [GPS02,Sha89]. Using linear elasticity theory and linear
FEM and by formulating the displacement �eld of the soft
layer in pose space, we can regard elastic forces as linear
with respect to the displacementsus, and as invariant to the
rigid bone transformationsT in Eqn. (1) [Sha89,TW88].

The elastic energy given by pose-space displacements and
linear elasticity yields the usual sparse blockKs of the stiff-
ness matrixK that affects only DoFs of the soft skin layerqs,
not the skeleton. However, note that, as shown in Section5.5,
the skeletal response of surface contact forces is naturally
captured by our model. On the other hand, our formulation
of pose space strain does not model pose-dependent strain
energy as in e.g., elbow bending. We partially capture this
effect in the skeleton dynamics by adding a joint stiffness
term between connected bones in the skeleton. This leads to
off-diagonal non-zero blocks in the skeleton stiffness block
Kb (see AppendixB).

The kinetic energy depends on both skeleton and skin ve-
locities, and it captures the interplay of articulated motion
and skin deformation. Our linearized deformation model
in pose space bears similarity with the one of Capell et
al. [CBC� 05], but we effectively capture inertial forces by
directly considering pose space deformations in the La-
grangian formulation instead of using corotational meth-
ods [MDM � 02].

The inertia matrixM =
R

r LT
WLWdV [Sha89] (See Ap-

pendixA) has a structureM =
�

Mb Mbs
MT

bs Ms

�
, with Mb 2

R6k� 6k the inertia of bones andMs 2 R3n� 3n the iner-
tia of the skinned surface. Due to skinning blend-weights,
Mb computed from the full Lagrangian would present off-
diagonal blocks. However, the inertial coupling between
bones is dominated by joint constraints, hence we compute
a block-diagonalMb, where for each bone we compute the
inertia by associating approximate link geometry (See Fig-
ure 4). Note that this approximation requires that the bone
coordinate frames are located at the center of mass of the ap-
proximate link geometries. The inertia of the skin,Ms, can
be tuned to produce effects such as the wobbling shown in
the accompanying video. The dense bandsMbs andMT

bs are
key for capturing the effect of surface contact forces on bone
motion through inertial coupling.

We incorporate dampingD, generalized external forcesQ,
and a quadratic velocity vectorQv [Sha89] that represents
the inertial effects of centripetal and Coriolis forces on the
bones. By assembling all terms, we obtain the following set

of ordinary differential equations (ODEs):
�

M �v = Q+ Qv � Kq � Dv = F+ JT
µ µ+ JT

l l ;
�q = P+ v:

(3)
We explicitly separate joint constraint forcesJT

µ µ and con-
tact forcesJT

l l from other forcesF. In the discrete formu-
lation of joint and contact forces (see Sections4.2and4.3),
the Lagrange multipliersµ andl will include the time dis-
cretizationDt, and can be regarded as impulses.

We have discretized the motion equations using im-
plicit backward Euler with a �rst order approximation of
forces, as this allows for stable and responsive contact re-
sponse [GOM� 06]. The discretized equations have the form
M̃Dv = DtF̃, with discrete-time mass matrix̃M and discrete-
time force vector̃F de�ned as

M̃ = M � Dt
¶F
¶v

� Dt2 ¶F
¶q

P+ andF̃ = F+ Dt
¶F
¶q

P+ :

(4)
Given the separation of forces in Eqn. (3), and as performed
in a similar manner by others [Erl04, CW05], we decom-
pose the dynamic update into three steps: (i) computation of
collision free velocitiesv� = v(t � Dt)+ Dv from the old ve-
locities, (ii) collision detection and identi�cation of contact
constraints, and (iii) computation of collision responsedv
that yields constrained velocitiesv(t) = v� + dv. To ensure
enforcement of constraints on positions as well, we apply a
�nal correction step that projects (possibly) penetratingver-
tices to the constraint surfaces.

4.2. Joint Constraints

We use the method of Lagrange multipliers to compute joint
constraint forces [Bar96]. It is important to observe that
the joint constraints do not in�uence the skin coordinates.
Hence,Jµ is of the formJµ =

�
J j 0

�
, with J j a sparse

(c� 6k) block matrix,k the number of bones, andc the total
number of DoFs of the joints. The non-zero(d � 6) blocks
in J j are de�ned by each pair of bones connected with ad-
DoF joint. Given the joint Jacobians, we can then de�ne con-
straints on the collision-free velocities as follows (we have
also added a stabilization term� ag(qb) to avoid drift):

Jµv� = � ag(qb) ) � J jDvb = J jvb + ag(qb):
(5)

By combining the discrete motion equations and the joint
constraints (5), we can arrange the collision-free velocity up-
date of the articulated skeleton in a large linear system:

0

@
M̃b M̃bs � JT

j
M̃T

bs M̃s 0
� J j 0 0

1

A

0

@
Dvb
Dvs
µ

1

A =

0

@
DtF̃b
DtF̃s
bµ

1

A ; (6)

with bµ = J jvb + ag(qb):

The system above is sparse, symmetric, and inde�nite, with
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a rather dense band̃Mbs, due to the inertial coupling be-
tween the skin and the skeleton. The size of this band (O(kn)
with k bones andn surface nodes) can be regarded as a
lower bound on the cost for solving the system with direct
solvers [BBK05], and the inde�niteness of the system sug-
gests slow convergence of iterative solvers. In Section5.2
we propose a solution combining matrix condensation and
an approximation of skin forces that decouples the system
and reduces the bilinear complexity.

4.3. Contact Constraints

We apply collision response by formulating velocity con-
straints on colliding surface nodes and solving them through
the method of Lagrange multipliers. Instead of simply ap-
plying an impulse to the colliding nodes, we formulate the
constraints on the implicit motion equations, which guaran-
tees that collision response effectively acts on the skeletal
motion as well [GOM� 06]. Our collision detection algorithm
as described in Section5.3 identi�es one contact constraint
with normal n for each colliding surface node. Given the
pre-impact velocity�x�

i of the colliding node, we look for the
node contact responsed�xi by imposing a velocity constraint
using the kinematic relationships (Eqn. (17)):

nT �
�x�

i + d�xi
�

= nTL i
W

�
v� + dv

�
= 0; (7)

where L i
W represents the position-dependent matrixLW

evaluated at nodei. We can easily incorporate moving con-
straints, friction, and constraint correction. Moving con-
straints are handled by a velocity offset in the contact con-
straints in Eqn. (7). Similar to the approach of Bridson et
al. [BFA02], friction and constraint correction can be han-
dled for each node separately as a post-process todvs, and
to the resulting post-collision stateqs respectively.

The velocity constraints can be stacked together inJl =�
Jb Js

�
2 Rm� (6k+ 3n) , wheremis the number of collid-

ing surface nodes,k is the number of bones, andn is the total
number of surface nodes. The constraint equation is then:

Jl
�
v� + dv

�
= 0 ) � Jbdvb � Jsdvs = Jbv�

b + Jsv�
s :
(8)

With constraints formulated through Lagrange multipliers,
the complete system of equations for collision response is:

0

B
B
@

M̃b M̃bs � JT
j � JT

b
M̃T

bs M̃s 0 � JT
s

� J j 0 0 0
� Jb � Js 0 0

1

C
C
A

0

B
B
@

dvb
dvs
µ
l

1

C
C
A =

0

B
B
@

0
0

b�
µ

bl

1

C
C
A ; (9)

with b�
µ = J jv�

b + ag(q�
b ) andbl = Jbv�

b + Jsv�
s :

The system above can be regarded as an augmented ver-
sion of Eqn. (6), with the addition of contact constraints.
A direct application of a method such as constraint antici-
pation [Bar96] would yield a computational costO(mkn) at
best, since the complete system described in Eqn. (6) should
be solved for each contact. However, we propose a solution
with a practicalO(m+ k+ n) cost in the next section.

Figure 3: Contact Constraints. Left column: The �sh
touches the body of the snake, creating global response and
skin deformations. Right column: We turn off local skin de-
formations to show the importance of handling both global
and surface response. Notice the highlighted interpenetra-
tions, clearly visible through the �sh's mouth. The compari-
son is also shown in the supplementary video footage.

5. Condensed Solution of Constraints

Two common constraints need to be resolved in the dynam-
ics simulation of soft articulated characters, namely joint and
contact constraints. One of our key contributions in this work
is to reduce the best-caseO(mkn) complexity of the full
solution to contact constraints, while preserving physically
plausible global and local deformation effects. We achieve
this by combining Schur complement computation [GV96]
(also referred to as matrix condensation [BNC96]), and care-
ful approximations of implicit discretization. We �rst present
the condensation of skeleton dynamics, which allows for
O(k+ n) update of collision-free dynamics in practice. Then
we present the condensation of contact constraints and antic-
ipation of skeleton response, which allow forO(m+ k+ n)
update of contact-consistent dynamics in practice.

5.1. Condensed Skeleton Dynamics

Joint constraints act only on bone coordinates, not on skin
coordinates, and we exploit this observation to split the ve-
locity computation in Eqn. (6) and Eqn. (9), solving �rst
for bone velocities (while accounting for forces on the
skin). Computing the Schur complement of the skin iner-
tia M̃s yields acondensed skeleton inertiãM cond = M̃b �
M̃bsM̃ � 1

s M̃T
bs 2 R6k� 6k. Unfortunately, computing̃M cond re-

quires solving 6k linear systems of sizen, and the resulting
matrix is dense.

Instead we compute an approximate condensed matrix
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Figure 4: Layered Representation and Collision Detection.From left to right: Contact between the bird and the deer, with
skin deformations on the back of the deer; Proxies used for hierarchical pruning of collision queriess, with potentially colliding
proxies of the deer highlighted in red; Triangles in�uencedby the potentially colliding bones (in red) are the only onespassed
to our image-based collision detection algorithm; The resulting detail around the contact area.

M̂ cond = M̃b � M̃bsM̂ � 1
s M̃T

bs, whereM̂ � 1
s is a fast approx-

imate inverse ofM̃s that accounts only for block-diagonal
terms. In this way the computation ofM̂ cond has anO(n+ k)
complexity. The approximation̂Ms amounts to discarding
off-diagonal blocks ofK (i.e., the Jacobians of elastic forces
among skin nodes) in the implicit computation of velocities.
Note that this approximation does not jeopardize the ful�ll-
ment of joint or contact constraints; it simply yields veloc-
ities that differ slightly from those of the full solution with
Eqn. (4). Moreover, we employ the full inversẽM � 1

s in the
computation of collision-free skin velocities in Eqn. (11).
We have quanti�ed the errorkM̂ cond� M̃ condk=kM̃ condk (us-
ing the spectral norm), and it is below 10% in our simula-
tions, with some variation depending on the average number
of bone in�uences per vertex.

5.2. Solving Collision-Free Velocities

Applying condensed skeleton dynamics, we can rewrite the
constrained system for bone velocities in Eqn. (6) as:
�

M̂ cond � JT
j

� J j 0

� �
Dvb
µ

�
=

�
bb
bµ

�
; (10)

with bb = Dt
�

F̃b � M̃bsM̃
� 1
s F̃s

�
andbµ = J jvb + ag(qb):

The structure of Eqn. (10) is practically the same as one
would obtain when solving a regular articulated body with
implicit integration of joint stiffness. Equation (10) can
be solved inO(k + c) time, with c the number of DoFs
constrained by the joints, for articulated structures without
loops [Fea87, Bar96]. But M̂ cond presents off-diagonal non-
zero blocks for pairs of connected bones (due to joint stiff-
ness), or pairs of bones who contribute to a common skin
patch in the linear-blend skinning scheme. Hence we have
opted for a more general inde�nite symmetric sparse system
solver with �ll-reducing reordering [SG06]. Since the spar-
sity pattern of Eqn. (10) is �xed, the reordering and analy-
sis (or symbolic factorization) can be precomputed. This ap-
proach makes the runtime cost of solving this system linear
in the number of bones and joints in our simulation. There-
fore, it was not a bottleneck, as discussed in Section6.

After solving Eqn. (10) and computing collision-free bone
velocitiesDvb, we solve for skin velocitiesDvs in Eqn. (6):

M̃sDvs = DtF̃s � M̃T
bsDvb: (11)

The matrixM̃s is constant and symmetric positive-de�nite.
We also compute a �ll-reducing sparse factorization ofM̃s
once for the entire simulation [SG06]. As discussed in Sec-
tion 6, the performance of the solver is linear in our experi-
ments, and better than a diagonally preconditioned conjugate
gradient method. In summary, by approximate condensation
of skeleton dynamics, we are able to reduce the brute-force
O(nk) complexity toO(k+ n) in practice.

5.3. Hiearchical Pruning and Collision Queries

One of the essential components to ef�ciently solve con-
tact constraints is a fast collision detection module. We
adopt a fast image-based algorithm that exploits the lay-
ered representation of our soft characters. We execute col-
lision detection in two steps: (i) identifying contact patches
with object-space techniques using low-resolution proxies,
and (ii) checking for high-resolution skin surface collisions
and collecting colliding skin vertices using image-space
techniques with the aid of graphics hardware. Our method
shares the two-step approach of others used for rigid bod-
ies [OJSL04] or rigid bodies with a deformable surface
layer [GOM� 06]. But unlike these methods, our collision
query algorithm also performs hierarchical pruning to elim-
inate large portions of the objects from collision queries,by
exploiting the skeletal nature of the deformation. The worst-
case cost of our collision detection isO(n) for a pair of tested
objects withn surface nodes; the actual cost depends on the
size of the contact area.

For the object-space collision detection step, we assign to
each bone a low-resolution proxy, as shown in Figure4.
Speci�cally, for theith bone we construct as preprocessing
a low polygon-count approximate convex hull of the set of
skin verticesf vg with blend weightwi 6= 0. Typically, our
convex proxies have a few tens of vertices. At runtime we
use the maximum skin displacementus of all vertices asso-
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Figure 5: Skeletal Deformations of a Soft Snake.Simulation sequence with a �sh touching the snake, showing the global
deformation of the snake. The last image shows the proxies for collision detection.

ciated to a bone for computing a conservative bound of the
proxy. We identify potentially colliding bones using a fast
collision detection algorithm for convex objects [EL00] that
identi�es low-resolution proxies that are within a user spec-
i�ed tolerance distance of each other.

For the image-space detection of actual contacts, we use the
approach of [GOM� 06]. But, our method can handle self-
collisions between surface patches of the same articulated
body. However, the second step in our collision detection al-
gorithm may report false positives for adjacent bone surface
patches, especially for adjacent polygons in the mesh. This
case is handled by a post-processing step to check for exact
collision between adjacent polygons in object space.

5.4. Condensed Contact Constraints

When a collision has been detected, we apply the same prin-
ciple of condensation of skeleton dynamics as described in
Section5.1 to solve the collision reponse Equations (9).
However, this condensation is not suf�cient to separate the
computation of bone and skin response, since contact con-
straints act on the bones as well as on the skin, as shown in
Eqn. (8). Our solution is to computecondensed contact con-
straintsJcond with the approximated̂M � 1

s from Section5.1:

Jcond = Jb � JsM̂ � 1
s M̃T

bs:

Algebraic manipulation of Eqn. (8) and Eqn. (9) yields the
condensed constraint equations:

M l l + Jconddvb + bl = 0; (12)

with M l = JsM̂ � 1
s JT

s : (13)

Here, l is the Lagrange multiplier vector that de�nes the
contact impulses. In order to split the equations, we pro-
pose theanticipation of skeleton response, i.e., to single
out l = � M � 1

l Jconddvb � M � 1
l bl . Other existing methods

for solving multibody dynamics with joint and contact con-
straints propose the anticipation of contact constraints (i.e.
�rst singling out skeleton response) and then solving for the
contact impulses [Bar96]. However, in our setting we exploit
the use of equality contact constraints, the fact that each col-
liding surface node yields one constraint, and the approxima-
tion of skin force Jacobians. These together make the matrix
M l diagonal and trivial to invert. Thereby, we signi�cantly
reduce the overall computational cost of expensive contact
constraint anticipation.

5.5. Solving Collision Response

By application of condensed skeleton dynamics, condensed
contact constraints, and anticipation of skeleton response,
we obtain the following system of equations for computing
contact-consistentarticulated dynamics:
�

M �
b � JT

j
� J j 0

� �
dvb
µ

�
=

�
b�

b
b�

µ

�
; (14)

with M �
b = M̂ cond+ JT

condM
� 1
l Jcond andb�

b = � JT
condM

� 1
l bl :

The matrix M �
b has exactly the same structure asM̂ cond;

therefore, we use the same solver (and precomputed sym-
bolic factorization) for articulated dynamics as discussed in
Section5.2. Remarkably, with our method the addition of
a soft skin to the articulated character enables a solution of
collision response on the skeleton with the same cost as the
collision-free solution.

Once the skeletal responsedvb is computed, we obtain the
collision impulsel as discussed in the Section5.4, and �-
nally we solve for the skin response in Eqn. (9) as:

dvs = M̂ � 1
s

�
JT

s l � M̃T
bsdvb

�
: (15)

The approximation of skin force Jacobians largely simpli�es
the solution of skin response, and we have not encountered
associated instabilities in the simulations. Our observation
is that the use of full Jacobians in the collision-free update
as described in Eqn. (11) guarantees stability, while the cou-
pled response computed on the skeleton ensures the global
reaction to collisions.

To summarize, the solution of bone velocities in Eqn. (10)
and Eqn. (14) presents a costO(k), the solution of skin ve-
locities in Eqn. (11) and Eqn. (15) presents a costO(n), and
the condensation and anticipation steps are sparse matrix
multiplications with overall costO(m+ k+ n). Altogether,
the solution of constrained dynamics with our soft articu-
lated characters presents a �nal costO(m+ k+ n), as also
observed in our experiments.

5.6. Run-time Algorithm

Here we outline the different substeps performed by our al-
gorithm in each simulation step. We decompose each dy-
namic simulation step into a collision-free update step, fol-
lowed by contact response.
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Figure 6: Contact between Deformable Tubes with Mov-
ing Constraints. The tubes consist of 3 links each and col-
lide with each other in tangled con�gurations. Our algo-
rithm can handle such situations seamlessly with a combi-
nation of local deformations and bone motion at 20 fps.

1. Compute free-motion bone velocities (Eqn. (10)).

2. Compute collision-free skin velocitiesv�
s (Eqn. (11)).

3. Update collision-free positions.

4. Execute collision detection (See Section5.3).

5. Formulate condensed constraint equations (Eqn. (12)).

6. Formulate contact-consistent articulated dynamics
(Eqn. (14)) to compute skeletal contact response.

7. Compute contact impulsesl (Section5.4) and solve for
skin response (Eqn. (15)).

8. Update contact-consistent positions.

9. Collision detection and collision-free position reprojec-
tion.

6. Results

We have tested our algorithm on a variety of benchmarks,
using the soft articulated characters listed in Table1. All the
benchmarks were simulated on a 3:4 GHz Pentium-4 proces-
sor PC with an NVidia GeForce 7800GTX graphics card. We
have performed several experiments with a set of bendable
tubes (see Figure6) for validating the behavior with differ-
ent material stiffness, friction values, number of bones, and
moving constraints. The deer model in Figure1 was driven
by a pre-recorded animation and by applying additional con-
trol forces on its bones.

Table1 also shows a breakdown of the average timings per
frame, highlighting the time for collision-free dynamics up-
date, collision detection, and collision response. The last two
columns show the average total time per frame, for (1) non-
colliding situations and (2) colliding situations. Note that,
for the benchmark of the snake (16 bones and 3102 skin
nodes, shown in Figure5), the simulation runs at 7 fps with
collisions, and 10 fps when there are no collisions. For the
benchmark of the deer (34 bones and 2755 skin nodes), the
simulation is also interactive (as shown in Figure1) in the
range of 6� 9 fps. For one tube with 5 bones, the simulation
runs at 43 fps even with large colliding areas. The example
shown in Figure6 runs at 15� 20 fps.

For the deer model, we have performed the simulation with

different skin resolutions. As shown in the table, the simu-
lation cost varies linearly w.r.t. the resolution of the skin n.
Furthermore, notice how, for the two lower-resolution skins,
the cost for the collision-free velocity update of the bones
remains almost unchanged and independent of the skin res-
olution. This data shows that the cost at those resolutions is
dominated by the number of bones and, more importantly,
that the cost for solving bone and skin velocities is not bilin-
earO(kn) with our algorithm. Similarly, we have observed
that the number of collisions for the mid-resolution deer
varies from 1 to 41, while the time for collision response
on the bones remains practically unchanged during the sim-
ulation. This data again shows that the cost at low resolu-
tions is dominated by the number of bones and is not bilin-
earO(km) w.r.t. the number of contacts. Combining the ob-
servations for collision-free updates and collision response,
we can conclude that the simulations have the runtime com-
plexity of O(m+ k+ n) in practice. It is interesting to notice
that, for the deer model with the highest resolution mesh,
the dominating cost is the initialization of matrices for the
computations, not the solution of the constrained systems.

We have also compared the performance of the sparse sys-
tem solver [SG06] with preconditioned conjugate gradient
descent (PCG) to solve (11), on the deer model with 2755
surface nodes. We used a diagonal preconditioner consisting
of the diagonal part ofM̃s. We found that PCG is 4 times
slower for solving the collision-free update of the skin, even
after reaching 100 iterations without fully converging.

As demonstrated in the experiments, our method for simu-
lating soft articulated characters handles contact constraints
interactively while producing rich deformations on the skin.
Due to its layered representation, it cannot be directly com-
pared with methods that model global deformations using
a volumetric representation. From the family of FEM-based
methods, the one by Müller et al. [MDM � 02] is perhaps the
closest relative to ours, as it also uses implicit integration
and linear elasticity evaluated in a �oating reference frame.
In comparison with Müller's, our method is obviously re-
stricted to skeletal global deformations, not arbitrary ones,
and the elastic energy only accounts for skin-layer deforma-
tions, not deformations in the whole volume of the object.
However, our method offers considerable bene�ts for fast
collision handling. Due to our fast solver presented in Sec-
tion 5, we can ef�ciently compute global collision response
(i.e., response of the skeleton) using matrix condensation.
Furthermore, we can handle both local skin and global skele-
tal response with approximate implicit integration stablyand
robustly. Müller's method (and others) cannot exploit the
decomposition of the deformation, and the constraint-based
simulation would require the use of the full implicit system,
in order to robustly compute global response. Perhaps for
this reason, methods such as Müller's are often combined
with penalty-based collision response, not constraint-based,
with the associated problem of object interpenetration as
shown in Fig.3.

c
 The Eurographics Association and Blackwell Publishing 2007.



Galoppo, Otaduy, Tekin, Gross & Lin / Soft Articulated Characters with Fast Contact Handling

Model Nodes Bones Coll. Collision-Free Update Coll. Collision Response Total Total
n k max(m) Setup Bones Skin Det. Setup Bones Skin Time1 Time2

Deer 1 748 34 13 19.7 34.0 17.9 6.1 11.1 15.8 7.7 74.8 123.8
Deer 2 755 34 41 39.3 36.6 29.6 10.8 11.3 14.7 9.9 114.1 160.4
Deer 8 408 34 162 127.0 64.9 96.2 41.1 24.5 17.8 33.9 310.0 449.7
Snake 3 102 16 28 38.9 18.1 36.5 13.6 6.2 2.2 12.9 106.5 140.6
Tube 292 2 73 2.5 1.6 1.9 3.9 0.8 0.2 0.8 9.5 13.8
Tube 292 5 74 3.7 2.7 2.1 7.7 1.5 0.6 1.0 14.6 23.3

Table 1: Statistics of our Benchmarks.The soft characters for the benchmarks are a deer model with three different skin
resolutions, a snake model, and tubes with different numbers of bones. All timings (in msec.) are averages over the course of a
simulation. The last two columns indicate the average time per frame in (1) non-colliding and (2) colliding situations.

7. Summary and Future Work

We have presented a novel method for simulating de-
formable characters with an articulated skeleton that allows
fast handling of complex contact scenarios and plausible,
coupled global and local deformations. Our method models
characters as skinned articulated bodies with a layered repre-
sentation, and measures elastic deformations in pose space.
Central to the ef�cient simulation of contact-induced defor-
mations is an implicit constraint-based collision handling ap-
proach that exploits the layered representation to enable ef-
�cient, approximate yet robust matrix condensation. We are
able to achieve interactive simulation rates on models with
challenging contact con�gurations.

Our deformation model expressing strain in pose space
does not capture pose-dependent strain near joints. We have
approximated pose-dependent strain energy with a user-
tunable joint stiffness, but our model could be further ex-
tended with data-driven approaches [LCF00] to add e.g.,
bulging effects due to elbow �exion. This extension would
integrate well with our linear deformation model in pose
space. Another possible extension for handling more com-
plex volumetric deformations would be to adopt a deforma-
tion model based on a control lattice [CGC� 02], instead of a
purely skeletal approach. This would require an extension of
our contact handling algorithm for ef�ciently applying col-
lision response on both the control lattice and the skeleton.
Similarly, it is worth exploring the addition of our ef�cient
contact-induced deformations to non-skeletal skinning ap-
proaches [JT05].

We are exploring ways to extend our simulation algorithm to
handle inequality constraints, as this would allow modeling
more accurate contact forces and joint limits. We are also in-
vestigating a parallel solution for hardware-acceleratedim-
plementation, which would increase the performance and
thus enable more complex scenes with many deforming
characters at interactive rates.
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Appendix A: Kinematic Relationships

We can derive the world-frame velocity of a material point interms
of the velocity state vector by time differentiation of (2):

�x =
k

å
i= 1

wi ( �ci � Riuiwi + RiRo;iS�qs)

=
k

å
i= 1

wi ( �ci + Bi �qi + RiRo;iS�qs) (16)

Each matrixBi is the Jacobian of a vectorRiui w.r.t. qi , with ui

a position in local bone space. The Jacobian can be proven to be
equal to� Ri ũiGi [Sha89], whereũi is the skew-symmetric cross-
product matrix, andG relates local-frame angular velocities to time
derivatives of quaternions throughw = G�q. We can rewrite (16) in
compact matrix form as a linear function of the velocity state vector
v (after application of�q = P+ v that encapsulates the adjoint rela-
tionshipG from above, see [GOM� 06] for details):

�x = LWv = [ W BW RWS ]v; (17)

BW =
�

� w1R1ũ1 : : : � wkRkũk
�
; RW =

k

å
i= 1

wiRiRo;i ;

andW is a diagonal weight matrix.LW is position-dependent.

Appendix B: Joint Compliance for Hinge Joint

For a hinge joint aligned with axis of rotationu, we model joint
stiffness between bonesi and j with an angular spring generating
torquesT = � kqu proportional to the joint angleq.

For implicit integration in (4), we also need the JacobiansJ = ¶T
¶q .

We use quaternionsq= ( s;x;y;z) = ( qs;qu) to represent orientations
and quaternion matrices [Die06] to represent quaternion multiplica-
tion: qi 
 q j = Q(qi )q j = Q̄(q j )qi :

Q(q) =

 
s � x � y � z
x s � z y
y z s � x
z � y x s

!

=
�

Qs

Qu

�
Q̄(q) =

 
s � x � y � z
x s z � y
y � z s x
z y � x s

!

with Qs 2 R1� 4 and Qu 2 R3� 4:

The difference orientationq = ( qs;qu) between two quaternionsqi

andq j can be extracted with these quaternion matrices:

Qi = Q̄(q̄i ) Q j = Q(q̄ j )

 
1 0 0 0
0 � 1 0 0
0 0 � 1 0
0 0 0 � 1

!

qs = Q j ;sqi = Qi;sq j qu = Q j ;uqi = Qi;uq j

Then, the Jacobians can be computed as follows:

Ji
j =

¶T i

¶qj
= � J j

j = kz
�
wuQi;s+ qQi;u

� GT
j

4

Ji
i =

¶T j

¶qi
= � J j

i = kz
�
wuQ j ;s+ qQ j ;u

� GT
i

4

with z= cosec(
q
2

) w =
q

tan(q=2)
� 2

For very small difference angles, we compute lim
q! 0

J:

Ji
j = � J j

j = k
�
2Qi;u �

q
2

uTQi;s
� GT

j

4

Ji
i = � J j

i = k
�
2Q j ;u �

q
2

uTQ j ;s
� GT

i

4
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